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Abstract 



In the Wigner-covariant rest-frame instant form of dynamics it is possible 
to develop a relativistic kinematics for the N-body problem which solves all 
the problems raised till now on this topic. The Wigner hyperplanes, orthogo- 
nal to the total timelike 4-momentum of any N-body configuration, define the 
intrinsic rest frame and realize the separation of the center-of-mass motion. 
The point chosen as origin of each Wigner hyperplane can be made to co- 
incide with the covariant non-canonical Fokker-Pryce center of inertia. This 
is distinct from the canonical pseudo- vector describing the decoupled motion 
of the center of mass (having the same Euclidean covariance as the quantum 
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Newton- Wigner 3-position operator) and the non-canonical pseudo-vector for 
the M0ncr center of energy. These are the only external notions of relativistic 
center of mass, definable only in terms of the external Poincare group real- 
ization. Inside the Wigner hyperplane, an internal unfaithful realization of 
the Poincare group is defined while the analogous three concepts of center 
of mass weakly coincide due to the first class constraints defining the rest 
frame (vanishing of the internal 3- momentum). This unique internal center 
of mass is consequently a gauge variable which, through a gauge fixing, can 
be localized atthe origin of the Wigner hyperplane. An adapted canonical 
basis of relative variables is found by means of the classical counterpart of the 
Gartenhaus- Schwartz transformation. The invariant mass of the N-body con- 
figuration is the Hamiltonian for the relative motions. In this framework we 
can introduce the same dynamical body frames, orientation- shape variables, 
spin frame and canonical spin bases for the rotational kinematics developed 
for the non-relativistic N-body problem. 



February 1, 2008 



2 



Typeset using REVT^ 



I. INTRODUCTION. 



In the non-relativistic N-body problem the separation of the absolute translational mo- 
tion of the center of mass from the relative motions can be easily carried out, due to the 
Abelian nature of the translation symmetry group. This implies that the associated Noether 
constants of motion (the conserved total 3-momentum) are in involution, so that the center- 
of-mass degrees of freedom decouple. Moreover, the fact that the non-relativistic kinetic 
energy of the relative motions is a quadratic form in the relative velocities allows the intro- 
duction of special sets of relative coordinates, the Jacobi normal relative coordinates, that 
diagonalize the quadratic form and correspond to different patterns of clustering of the cen- 
ters of mass of the particles. Each set of Jacobi coordinates organizes the N particles into a 
hierarchy of clusters, in which each cluster of two or more particles has a mass given by an 
eigenvalue (reduced masses) of the quadratic form; the Jacobi normal coordinates join the 
centers of mass of cluster pairs. 

On the other hand, the non-Abelian nature of the rotation symmetry group, whose 
associated Noether constants of motion (the conserved total angular momentum) are not 
in involution, prevents the possibility of a global separation of absolute rotations from the 
relative motions, so that there is no global definition of absolute vibrations. This has the 
consequence that an isolated deformable body can undergo rotations by changing its own 
shape (as shown by the falling cat and the diver). It was just to deal with these problems 
that the theory of the orientation- shape SO (3) principal bundle has been developed in 
the context of molecular physics, emphasizing the gauge nature of a static (i.e. velocity- 
independent) definition of body frame for a deformable body. As a consequence, both the 
laboratory and body frame angular velocities as well as the orientational variables of the 
static body frame become unobservable gauge variables. This approach is associated with a 
set of point canonical transformations, which allow to define the body frame components of 
relative motions in a velocity-independent way. 

In a previous paper [0 we showed that a more general class of non-point canonical 
transformations exists for > 3, which allows to identify a family of canonical spin bases 
connected to the patterns of the possible clusterings of the spins associated with relative 
motions (namely the components of the center-of-mass angular momenta). The definition 
of these spin bases is independent of the use of Jacobi normal relative coordinates, just 
as the patterns of spin clustering are independent of the patterns of center-of-mass Jacobi 
clustering. 

There exist two basic frames associated to each spin basis: the spin frame and the dy- 
namical body frame. Their construction is guaranteed by the fact that, besides the existence 
on the relative phase space of a Hamiltonian symmetry left action of S0(3)Q on the rela- 
tive phase space, it is possible to define as many Hamiltonian non-symmetry right actions of 



^We adhere to the definitions used in Ref. [|^; in the mathematical literature our left action is a 
right action. 

^The generators are the center-of-mass angular momentum, Noether constants of motion. 
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so (3) 0as the possible patterns of spin clustering. While for N=3 the unique canonical spin 
basis coincides with a special class of global cross sections of the trivial orientation-shape 
SO (3) principal bundle, for > 4 the existing spin bases and dynamical body frames turn 
out to be unrelated to the local cross sections of the static non-trivial orientation-shape 
SO (3) principal bundle, and evolve in a dynamical way dictated by the equations of motion. 
Both the orientation variables and the angular velocities become measurable quantities in 
each canonical spin basis. 

In this way we get for each N a finite number of physically well-defined separations 
between rotational and vibrational degrees of freedom. The unique body frame of rigid bodies 
is replaced by a discrete number of evolving dynamical body frames and of spin canonical 
bases, both of which are grounded on patterns of spin couplings, direct analogues of the 
coupling of quantum angular momenta. These results might be useful in non-relativistic 
nuclear and molecular physics. 

Besides translations and rotations, every isolated non-relativistic system admits the inter- 
nal energy, the total mass and the Galilei boosts (which amounts essentially to the definition 
of the center of mass) as constants of the motion. Altogether, there are 11 constants of mo- 
tion (one of them is a central charge) with which one gets a realization of the kinematical 
extended Galilei algebra 0,^. 

The problem we want to tackle is what happens when we replace Galilean spacetime 
with Minkowski spacetime. Precisely what can be said in this case about the separation of 
the center of mass from the relative motions (the Abelian translation symmetry) and about 
the treatment of rotations (the non- Abelian rotational symmetry) already for the simplest 
system of N free scalar positive-energy particles? 

The first immediate issue is how to describe a relativistic scalar particle. Among the 
various possibilities (see Refs. ^ for a review of the various options) we will choose to 
start from the manifestly Lorentz covariant approach using Dirac's first class constraints to 
identify free particles^ 

p1 - emf ^ 0. (1.1) 

The associated Lagrangian description starts from the 4- vector positions (r) and the action 
S = f dri^ — e^^mi \J exjir)^ , where r is a Lorentz scalar mathematical time parameter 0. 
Therefore Lorentz covariance implies the use of singular Lagrangians and of the associated 
Dirac's theory of constraints for the Hamiltonian description. The time variables x°{t) are 
the gauge variables associated to the mass-shell constraints, which have the two topologically 
disjoint solutions p° ~ ±\Jmf + pf. As discussed in Ref. this implies that: 

i) a combination of the time variables may be identified with the clock of one arbitrary 
observer labelling the evolution of the isolated system; 



^The generators are not constants of motion. 

^We shall use c = 1 everywhere and the convention rj'^'^ = e(H ) for the Minkowski metric 

(with e = ±1 according to the either particle physics or general relativity convention). 

^An affine parameter for the particle timelike worldlines. 
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ii) the — 1 relative times are connected with the observer freedom of looking at the N 
particles either at the same time or with any prescribed delay among them. 

The introduction of interactions in this picture without destroying the first class nature 
of the constraints is a difficult problem, which gave origin, in the two-particle case, to the 
DrozVincent-Komar-Todorov model ^ . On the other hand, its extension to N particles was 
never given in closed form. 

When the particle is charged and interacts with a dynamical (non-external) electromag- 
netic field a problem of covariance reappears. The standard description of a charged scalar 
particle interacting with the electromagnetic field is based on the action 



If we evaluate the canonical momenta of the isolated system charged particle plus electro- 
magnetic field, we find two primary constraints: 



One realizes immediately that it is impossible to evaluate the Poisson bracket of the two 
constraints, because there is no concept of equal time. Also the Dirac Hamiltonian, which 
should be = Hc + A(r)x(r) + / d^z\°{z°, z)7i°{z°, z) [], does not make sense for the same 
reason. This problem is also present at the level of the Euler-Lagrange equations: precisely 
the formulation of a Cauchy problem for a system of coupled equations some of which are 
ordinary differential equations in the affine parameter r along the particle worldline, while 
the others are partial differential equations depending on Minkowski coordinates z^. Since 
the problem is due the absence of a covariant concept of equal time between the field and 
particle variables, a new formulation of the problem is needed. 

In Ref. 0, after a discussion of the many time formalism, a solution of the previous covari- 
ance problem was found in a way suggested in the context of a description able to incorporate 
the gravitational field. There one considers an arbitrary 3-1-1 splitting of Minkowski space- 
time with spacelike hypersurfaces which is equivalent to a congruence of timelike accelerated 
observers. This is essentially Dirac's reformulation |p of classical field theory (suitably ex- 
tended to particles) on arbitrary spacelike hypersurfaces {equal time surfaces): it is also the 
classical basis of the Tomonaga-Schwinger formulation of quantum field theory. In this way, 
for each isolated system (containing any combination of particles, strings and fields) one gets 
its reformulation as a parametrized Minkowski theory |^, with the extra bonus of having 
the theory already prepared to the coupling to gravity in its ADM formulation, but with 
the price that the functions z^{t, a) describing the embedding of the spacelike hypersurface 



^See Ref. Q for the models with second class constraints corresponding to gauge fixings of the 
relative times. 

^With He the canonical Hamiltonian and with A(t), X°{z",z) Dirac's multipliers. 




(1.2) 
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in Minkowski spacetime become additional configuration variables in the action principle. 
Since the action is invariant under separate r-reparametrizations and space-diffeomorphisms, 
there are first class constraints ensuring the independence of the description from the choice 
of the 3+1 splitting: the embedding configuration variables z^ij^a) are the gauge variables 
associated with this kind of general covariance. 

Let us remark that, since the intersection of a timelike worldline with a spacelike hyper- 
surface corresponding to a value r of the time parameter is identified by 3 numbers a = fjij) 
and not by four, in parametrized Minkowski theories each particle must have a well defined 
sign of the energy: therefore we cannot simultaneously describe the two topologically disjoint 
branches of the mass hyperboloid as in the standard manifestly Lorentz-covariant theories. 
As a consequence, there are no more mass-shell constraints. Each particle with a definite 
sign of the energy is described by the canonical coordinates r/i(r), Ki(r) with the derived 
4-position of the particles given by (r) = z^{T,ffi{T)). The derived 4-momenta (r) are 
Kj-dependent solutions of p"^ — emf = with the chosen sign of the energy. 

In Minkowski spacetime, due to the independence of parametrized theories from the 3+1 
splitting, we can restrict the foliation to have spacelike hyperplanes as leaves. In particular, 
for each configuration of the isolated system with timelike 4-momentum, we can restrict 
to the special foliation whose leaves are the hyperplanes orthogonal to the conserved total 
4-momentum [Wigner hyperplanes). This special foliation is intrinsically determined by the 
configuration of the isolated system only. In this way it is possible to define the Wigner- 
covariant rest-frame instant form of dynamics for every isolated system whose configurations 
have well defined and finite Poincare generators with timelike total 4-momentum f\. 

This formulation provides a clarification of the roles of the various relativistic centers 
of mass. This is a long standing problem which arose just after the foundation of special 
relativity in the first decade of the last century. In the next ninty years it became clear 
that the definition of a relativistic center of mass is highly non-trivial: no definition can 
enjoy all the properties of the non-relativistic center of mass. See Refs. |]TT|-[TB[| for a partial 
bibliography of all the existing attempts and Ref. for reviews. 

As shown in Appendix A, in the rest-frame instant form on Wigner hyperplanes only 
four first class constraints survive and the original configuration variables z^^{t, a), fjilr) and 
their conjugate momenta p^{r,a), Kii^r) are reduced to: 

i) a decoupled particle x^(r), p'^ (the only remnant of the spacelike hypersurface) with 
a positive mass = ^ epi determined by the first class constraint — Msys ~ and 
with its rest-frame Lorentz scalar time Tg = put equal to the mathematical time as 
the gauge fixing Tg — r ^ to the previous constraint. Here, a;^(r) is a non-covariant 
canonical variable for the external 4-center of mass. After the elimination of Tg and with 
the previous pair of second class constraints, one remains with a decoupled free point [point 



^See Ref. [10| for the traditional forms of dynamics. 

^See Appendix A for a review of parametrized Minkowski theories and of the rest-frame instant 
form of dynamics. 

^^Mgys being the invariant mass of the isolated system. 
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particle clock) of mass Mgys and canonical 3-coordinates = es{xs — ^x°), fc^ = Q. The 
non-covariant canonical a;^(r) must not be confused with the 4-vector x^(r) = z^{T,d = 0) 
identifying the origin of the 3-coordinates a inside the Wigner hyperplanes. The worldline 
x^(r) is arbitrary because it depends on x^(0) and its 4- velocity x'^{t) depends on the Dirac 
multipliers associated with the 4 first class constraints 0, as it will be shown in the next 
Section. The unit timelike 4-vector u^{ps) = Ps/^s is orthogonal to the Wigner hyperplanes 
and describes their orientation in the chosen inertial frame. 

ii) the particle canonical variables fji^r), Riij) inside the Wigner hyperplanes. They are 
restricted by the three first class constraints (the rest- frame conditions) k+ = Y^f=i ~ 0. 

Therefore, we need a doubling of the concepts: 

1) there is the externa/ viewpoint of an arbitrary inertial Lorentz observer, who describes 
the Wigner hyperplanes, as leaves of a foliation of Minkowski spacetime, determined by the 
timelike configurations of the isolated system. A change of inertial observer by means of a 
Lorentz transformation rotates the Wigner hyperplanes and induces a Wigner rotation of 
the 3-vectors inside each Wigner hyperplane. Every such hyperplane inherits an induced 
internal Euclidean structure while an external realization of the Poincare group induces the 
internal Euclidean action. 

As said above, an arbitrary worldline x^{t) is chosen as origin of the internal 3- 
coordinates on the Wigner hyperplanes; its velocity x^(t) is determined only after the intro- 
duction of four gauge fixings for the four first class constraints (one of them is — r ~ 0). 

Three external concepts of 4-center of mass can be defined (each one of which there has 
an internal 3-location inside the Wigner hyperplanes): 

a) the external non-covariant canonical ^-center of mass (also named center of spin JT5[ ) 
x^ (with 3-location a), 



b) the externa/ non-covariant non-canonical M0ller 4-center of energy |jT3|] (with 3-location 



c) the external covariant non-canonical Fokker-Pryce 4-center of inertia [14,15| Y^^ (with 
3-location ay)- 

Only the canonical non-covariant center of mass x^(r) is relevant in the Hamiltonian 
treatment with Dirac constraints, while only the Fokker-Pryce Yf is a 4-vector by construc- 
tion 

2) there is the internal viewpoint inside the Wigner hyperplanes associated to a unfaithful 
internal realization of the Poincare algebra: the internal 3-momentum vanishes due to 



^^Zs/cs is the classical analogue of the Newton- Wigner 3-position operator |12] and, like it, is only 
covariant under the Euclidean subgroup of the Poincare group only. 

^^Therefore this arbitrary worldline may be considered as an arbitrary centroid for the isolated 
system. 
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They are Wigner spin-1 3-vectors, like the coordinates a. 
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the rest-frame conditions. The internal energy and angular momentum are the invariant 
mass Mgys and the spin (the angular momentum with respect to x^(r)) of the isolated 
system, respectively. Three internal 3-centers of mass: the internal canonical 3-center of 
mass can be correspondingly defined, the internal M0ller 3-center of energy and the internal 
Fokker-Pryce 3-center of inertia. But, due to the rest-frame conditions, they coincide and 
become essentially the it gauge variable conjugate to /?+. As a natural gauge fixing for the 
rest-frame conditions /?+ ~ 0, we can add the vanishing of the internal Lorentz boosts: this 
is equivalent to locate the internal canonical 3-center of mass in a = 0, i.e. in the origin 
a;^(r) = z^{t, 0). With these gauge fixings and with Ts — t^O, the worldline x^(r) becomes 
uniquely determined except for the arbitrariness in the choice of a;^(0) [m^(ps) = Ps/eg] 

x^ir)=x^iO) + u^{ps)T„ (1.4) 

and coincides with the external covariant non-canonical Fokker-Pryce 4-center of inertia, 

X^{T)=Xm + Ys^. 

This doubling of concepts replaces the separation of the non-relativistic 3-center of mass 
due to the Abelian translation symmetry. The non-relativistic conserved 3-momentum is 
replaced by the external Ps = egkg, while the internal 3-momentum vanishes, ~ 0, as a 
definition of rest frame. 

In the final gauge we have = Mgyg, Tg = t and the canonical basis £j, fc^, rji, Ki 
restricted by the three pairs of second class constraints k+ = J2f=i /?i ~ 0, g+ ~ 0, so that 
6N canonical variables describe the N particles like in the non-relativistic case. We still need 
a canonical transformation ffi, Ki q_^[^ 0], 0], p^, {a = 1, .., N — 1) in order to 

identify a set of relative canonical variables. The final 6N-dimensional canonical basis is z^, 
ksi Pa) T^a- To get this result we need a highly non-linear canonical transformation, which 



can be obtained by exploiting the Gartenhaus-Schwartz singular transformation . 

In the end, we obtain the Hamiltonian for relative motions as a sum of N square roots, 
each one containing a squared mass and a quadratic form in the relative momenta. This 
Hamiltonian goes into its non-relativistic counterpart in the limit c ^ oo. This fact has the 
following implications: 

a) if one tries to make the inverse Legendre transformation to find the associated La- 
grangian, it turns out that, due to the presence of square roots, the Lagrangian is a hy- 
perelliptic function of already in the free case. A closed form exists only for N=2, 

mi = m2 = m: L = —em\J A — . This exceptional case already shows that the existence of 
the limiting velocity c (i.e. of the light-cone) forbids the traditional linear relation between 
the spin and the angular velocity. 

b) the N quadratic forms in the relative momenta appearing in the relative Hamiltonian 
cannot be diagonalized simultaneously. In any case, the Hamiltonian is a sum of square roots, 
so that concepts like reduced masses, Jacobi normal relative coordinates and tensor of inertia 
cannot be extended to special relativity. As a consequence, the orient at ion- shape SO (3) 
principal bundle of Ref. |l|] can be defined only by using unspecified relative coordinates. 

c) the best way of studying rotational kinematics is by using the canonical spin bases of 
Ref. with their spin frames and dynamical body frames: they can be build in the same 
way as in the non-relativistic case starting from the canonical basis pa, 7?a- 

Once these points are understood in the free case, the introduction of mutual action-at- 
a-distance interactions among the particles can be done without extra complications. 
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The paper is organized as follows. In Section II we review the rest-frame instant form on 
the Wigner hyperplane of N positive energy free scalar particles. In Section III we discuss 
the internal realization of the Poincare algebra and we define the internal center- of-mass 
concepts. In Section IV we discuss the external realization of the Poincare algebra and we 
define the external center- of-mass concepts. In Section V we construct the canonical relative 
variables associated with the canonical internal center of mass. In Section VI we analyze 
the relativistic rotational kinematics of relative motions inside the Wigner hyperplane using 
the same Hamiltonian methods for the construction of the spin bases of Ref. 0. Some final 
comments on open problems are given in the Conclusions. 

Appendix A contains a review of parametrized Minkowski theories and of the rest-frame 
instant form of dynamics. Some notations on spacelike hypersurfaces are listed in Appendix 
B. The results of Section V are extended to spinning particles in Appendix C. Some formulas 
for the Euler angles are reported in Appendix D. Finally, the treatment of the 3-body case 
is explicitly given in Appendix E. 
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II. THE REST-FRAME INSTANT FORM OF N FREE SCALAR RELATIVISTIC 

PARTICLES 



Let us consider a system of N free scalar positive-energy particles in the framework of 
parametrized Minkowski theory (see Appendices A and B). 

The configuration variables are a 3-vector r/j(T) for each particle [a;f(r) = 2;'^(r, f/i(r))] 
|7.19]. One has to choose the sign of the energy of each particle, because there are not 



mass-shell constraints (like epf — rnf ^ 0) at our disposal, due to the fact that one has only 
three degrees of freedom for particle, determining the intersection of a timelike trajectory 
and of the spacelike hypersurface S,-. For each choice of the sign of the energy of the N 
particles, one describes only one of the 2^ branches of the mass spectrum of the manifestly 
covariant approach based on the coordinates (r), (r), i=l,..,N, and on the constraints 
epf — mf K, (in the free case). In this way, one gets a description of relativistic particles 
with a given sign of the energy with consistent couplings to fields 

The system of N free scalar and positive energy particles is described by the action 



S = j dTd^aC{T,a) = J dTL{T), 



N 



C{T,a) = - ViiT))^i\/ drrir, a) + 2g^f{T, a)?7[(r) + ^rj(r, a)?7[(r)?7|(r). 



i=l 

N 



L{r) = -J2^iy 9rr{T,f]i{T)) +2grf{T,f]i{T))l)l{T) + gfs{T,f]^^^ (2.1) 



1=1 



where the configuration variables are z^{T,a) and ffiir), i=l,..,N. The action is invariant 
under separate r- and a-reparametrizations. 
The canonical momenta are 



ozT{T,a) ^ 



N 

rrii 

i=l 

Zrf^ir, a) + Zf^{T, a)r]l{T) 



[(pX)/^ + (p.4)f'^.M](r,^), 



^^This is true for scalar positive-energy particles |^^. For spinning positive-energy particles one 
has to add |21] non-minimally some coupling of the spin to the electric field which would be missed 
in the projection from the Lorentz covariant theory (with 2^ branches of the mass spectrum) to the 
theory describing only the branch, in which all the particles have positive energy. This can be done 
by performing an approximate Foldy-Wouthuysen transformation of the Lorentz covariant theory 
in presence of electromagnetic fields, because the electric field is the source of possible crossings of 
the deformed 2^ branches (classical counterpart of pair production). The additional spin-electric 
field coupling is the source of the spin-orbit term in the quantum electron Hamiltonian. 
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rrii 



\/9rr{r, r^(r)) + 2^^^(r, r/i(r))?7[(r) + gfsir, f]i{T))r]l{T)r]l{T) 



{^'^(r, a), p^(r, a'} = -r7f;5^(a - a), 

M(r),K,,(r)} = -5,,5^ (2.2) 



The canonical Hamiltonian if^ is zero, the Dirac Hamiltonian is given by Eg. [there 
are no other system-dependent primary constraints] and Eqs.( |A2| ) become 



N 



T-(-t^iT, ^) = Pf,ir, a) - 1^{t, a)J2 ^^(^ - Vii'r))y "f^f - (r, ct) (r ) /t^^ (r ) - 

i=l 

N 

- z,^{t, a)Y'{T, a) 5%a - rf,(r))/s:,, ^ 0. (2.3) 

i=l 

The conserved Poincare generators are (the suffix "s" denotes the hypersurface E^) 

Jr = J dM^^^iT,a)p^ir,a) - z^iT,a)p'^iT,a)]. (2.4) 

After the restriction to spacehke hyperplanes, the Dirac Hamiltonian is reduced to 
Eg . {\KE[] with the surviving ten constraints given by 

N AT 



i=l i=l 

H^'^t) = h'i{T) I d^aa'"H'iT,a) - b^ir) J d^aa'Ti^ir, a) = 



N 



i=l 

N 

mir)-Km(r)]j:vlir)^ir)^0. (2.5) 



i=l 

Here S^'^ is the spin part of the Lorentz generators 



= 6^(r) I d^aa'p^ir, a) - b^ir) J d^aa'pi^ir, a). (2.6) 
On the Wigner hyperplane we have the following constraints and Dirac Hamiltonian 



N N 

n'{r) =P^- U^iPs) E + + ^'rHVs)) E 

i=l 1=1 
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N N 

i=l 1=1 

or 



N 



es - Msys ~ 0, M,ys = ^ y^mf + 



■2 
i 1 

i=l 



N 



Vsys — — l^i ~ 0, 



i=l 



N 



Hn = \^{r)n^{r) = A(r)[e, - M,,,] - A(r) ^ k 



i=l 



A(r) ^ -Xs^,{t)u^{ps), 
C(r) = -Kt)u^{Ps), 

x^ir) ^ -A^(r) = -X{r)u^{ps) + e^f («(p,))A.(r). (2.7) 

While the Dirac muhipher A(r) is determined by the gauge fixing Tg — r ^ 0, the 3 Dirac's 
multiphers A(r) describe the classical zitterbewegung of the origin of the coordinates on the 
Wigner hyperplane: each gauge-fixing xi'^) ~ to the 3 first class constraints /5+ 
(defining the internal rest-frame) gives a different determination of the multipliers A(r) and 
therefore identifies a different worldline for the covariant non-canonical origin x^^^^{t) which 
induces the definition x of the internal 3- center of mass conjugate to 

The embedding describing Wigner hyperplanes is z^{t,(t) = x^ij) + e^(M(ps))cr'', with 
the ei^{u{ps)) defined in Eqs.( TO) - 

The various spin tensors and vectors are 0] 

= K(p.)e^(n(p.)) - u^{ps)e^{u{p.,))]S7 + e^{u{psW{u{ps))Sr ^ 

N 

^ e'^{u{p.)XiPs) - e''{uips))u'^iPs)] E Vl^rn^c^ + + 

i=l 

N 



e^HpsMiuips)) - e';iuiPsMiuip,))\j:vl<, 

i=l 

N N 

i=l i=l 



^^Naturally each choice x leads to a different set of relative canonical conjugate variables. 
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1 



gij ^1''^ 



^ ^ N 

s = s = J2^i 



X Ki 



N 

1=1 



N-1 

E 

a=l 



Pa X 7la. 



(2.8) 



Let us remark that while L^'^ = x'^p^ — x^p^ and S^'^ are not constants of the motion 
due to the classical zitterbewegung, both L'^'^ = x^p^ — x^p^ and S^'^ are conserved. 

The only remaining canonical variables describing the Wigner hyperplane in the final 
Dirac brackets are the non-covariant canonical coordinate 5;^(r) and p^. The point with 
coordinates x^(r) is the decoupled canonical external ^-center of mass, playing the role of 
a kinematical external 4-center of mass and of a decoupled observer with his parametrized 
clock {point particle clock). Its velocity a;^(r) is parallel to p^, so that it has no classical 
zitterbewegung. 

The connection between a;^(r) and x^(r) is given in Eq. (|4.1|) in Section IV. Let us remark 
that the constant x^{0) [and 5^(0)] is arbitrary, refiecting the arbitrariness in the absolute 
location of the origin of the mterna/ coordinates on each hyperplane in Minkowski spacetime. 

After the separation of the relativistic canonical non-covariant external 4-center of mass 
a;^(r), on the Wigner hyperplane the N particles are described by the 6N Wigner spin-1 
3- vectors i7j(r), /?j(r) restricted by the rest-frame condition k+ = Y^iLi i^i ~ 0- 

The canonical variables x^, for the external 4-center of mass, may be replaced by the 
canonical pairs |l22[|H 



Ps ' Xg Pg • Xg 



with the inverse transformation 



^g [x g X „ 1 



P"s 



kg — 



x: = vi + ^KT.+ 



Xg = — + {Tg+ ^'' )kg 



p: = eg^Jl + kl 
Ps = ^skg- 



(2.9) 



(2.10) 



^^They make explicit the interpretation of x^ as a point particle clock. 
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This non-point canonical transformation in the rest-frame instant form can be summa- 



rized as [es 



M 



0, ^+ = E 



N 



0] 









T 

s 


— * 

kg 





(2.11) 



The invariant mass Mgys of the system, which is also the internal energy of the isolated 
system, replaces the non-relativistic Hamiltonian Hrei for the relative degrees of freedom, 
after the addition of the gauge-fixing — r ^ Q: this reminds of the frozen Hamilton- 
Jacobi theory, in which the time evolution can be reintroduced by using the energy generator 
of the Poincare group as Hamiltonian 0. 

After the gauge fixings Tg — t ^ 0, the final Hamiltonian and the embedding of the 
Wigner hyperplane into Minkowski spacetime become 



D 



Msys - A(r) ■ /^^ 



<(0)+M'^(p.)r + e:f(M(p,))a^ 



with 

i'sir) = + {x^(r). Ho} = W^iPs) + 6tf(«(p.))A.(r), (2.12) 

where x^(0) is an arbitrary point and e'^{u{ps)) = L'^r{Ps,Ps)- This equation visualizes the 
role of the Dirac multipliers as sources of the classical zittebewegung. 

After the gauge fixings — r ^ 0, gV ~ 0, the embedding 2;^(r, a) = x'^i^r) + eff{u{ps))<J^ 
describing Wigner hyperplanes becomes z^{t, a) = a;^(0) + u^{ps)t + e^(u(ps))cr''". 

The particles' worldlines in Minkowski spacetime and the associated momenta are 

xr(r) = z'^ir, Ur)) = x^{r) + etf(«(p,))r^[(r), 

P^{t) = ^mj + Kj{r)u^{ps) + e^{u{ps))KUr) epl = ml (2.13) 

Inside the Wigner hyperplane three degrees of freedom of the isolated system become 
gauge variables. To eliminate the three first class constraints k+ the natural gauge 
fixing is X = <?+ ~ implying \f{T) = 0: in this way the internal 3-center of mass gets 



^^Implying A(t) = — e and identifying the time parameter r, that labels the leaves of the foliation 
with the Lorentz scalar time of the center of mass in the rest frame, Tg = Ps ■ Xg/Mgys] Mgyg 
generates the evolution in this time. 

^^See Refs. for a different derivation of this result. 

^^They describe an internal center-of-mass 3-variable Bcom defined inside the Wigner hyperplane 
and conjugate to when the a com are canonical variables they are denoted g+. 
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located in the origin x^(r) = z'^{t, a = 0) of the Wigner hyperplane. The determination of 
g+ for the N particle system will be done with the group theoretical methods of Ref. [24| in 
the next Section. 

The same problem arises when one considers the rest-frame description of fields. A basis 
with a center of phase has already been found for a real Klein-Gordon field both in the 
covariant approach ||25| and on spacelike hypersurfaces [^^°. In this case also the internal 



center of mass has been found, but not yet a canonical basis containing it. 

It turns out that the Wigner hyperplane is the natural setting for the study of the Dixon 
multipoles of extended relativistic systems |^ and for defining their canonical relative 
variables with respect to the center of mass. Also, the Wigner hyperplane with its natural 
Euclidean metric structure offers a natural solution to the problem of boost for lattice gauge 
theories and realizes explicitly the Machian view of dynamics according to which only relative 
motions are relevant. 

The external rest-frame instant form realization of the Poincare generators P] with non- 
fixed invariants ep^ = ^ M^ys^ —^Pl^g ~ —eM'j S , is obtained from Eq. (|2^) : 



Js'^ — ^sP's ^'^Ps + "S*: 



p: = ^el + pl = e,^l + kl ^ ^Ml, + pl = M,,, Vl + ^1 



N 



i=l 

1 ^ 



Kl = Jr = xtpl- -xlJel + pl r^=0: Y.i^l< - vtO 



el + pl i=i 



sir h,s ^rsu Qu Sir^s^rsuQu 

I ~ ^sPs ^sy^^hys +Ps — / „ ^„ ^ • 



On the other hand, the internal realization of the Poincare algebra is built inside the 
Wigner hyperplane by using the expression of S^^ given by Eq.( |2.8| ) 

TV 



Msys = Hm = J2 V"^i + 



■2 
i ) 

i=l 



20ln this paper there is a first treatment of the topics which will be treated in Sections III and IV 

^^In a next paper we will study Dixon's multipoles for the N-body problem |28|. 

^^There are four independent Hamiltonians p" and J°* functions of the system invariant mass 
Msys] we give also the expression in the basis Ts, e^, Zs, ks- 

^^This internal Poincare algebra realization must not be confused with the previous external one 
based on S^'^; 11 and W'^ are the two non- fixed invariants of this realization. 
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N 



K+ = Y.Ki 0), 



i=l 

N 



i=i 2 



N 



S 1 



i=l 



n = Ml, - 4 ^ Ml, > 0, 

W = -e{Ml, - kI)s] ^ -eMlX- 



(2.15) 







The meaning of the constraints — Msys ~ 0, /?+ ~ is: i) the constraint e 
is the bridge connecting the external and internal reahzations ii) the constraints ~ 0, 
together with ^ 0, imply a unfaithful internal realization in which the only non-zero 
generators are the conserved energy and the spin of an isolated system. 

For isolated systems the constraint manifold [E^] is a stratified manifold with each stra- 
tum corresponding to a type of Poincare orbit. The main stratum (dense in the constraint 
manifold) corresponds to all configurations of the isolated system belonging to timelike 
Poincare orbits with ep^ ~ ^^Is > 0- said in Ref. |3^, this implies that the center- 
of-mass coordinates have been adapted to the co-adjoint orbits of the Poincare group. But 
this canonical basis does not yet correspond to a typical form of the Poincare group in 
its canonical action on the phase space of the isolated system, because the second Poincare 
invariant does not appear among the canonical variables. In Ref. [^] a canonical ba- 
sis including both Poincare invariants was found (all the coordinates are adapted to the 
co-adjoint action of the Poincare group). As a consequence the new relative variables are 
adapted to the SO (3) group. 

In Ref. a naive internal center-of-mass variable ff^ = J2f=i Vi was introduced and 
there was the definition of relative variables pa, T^a with the following point canonical trans- 
formation 



Vi 





Pa 







a = 1,..,N -1 



Vi = V+ + 



N-1 



y ] laiPai 
a=l 
N-l 



N 



:K4 



a=l 



^^The external spin coincides with the internal angular momentum due to Eqs.( ATi| ). 
^^As we shall see in the next Section ^ ~ is implied by the natural gauge fixing ~ 0. 
^^The Pauli-Lubanski invariant = —p^Sg. 
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1 ^ 



7r„ 



N 

N 



i=l 



/?+ = ^ ^ 0, 



«=1 



N 



Pa = VN J2 laS 
1 



AT 



N-l 



N 



i=l a=l i=l 



(2.16) 



This is a family of canonical transformations depending on ^{N — 1){N — 2) free param- 
eters (the independent parameters in the 7ai 0). 
Let us see whether we can take (jgys = V+- 
In the gaugeQ 



T, - r ^ 0, 



the Hamiltonian and the rest-frame constraints are 



Hd = Msys - A(r) ■ K+, 

K ^ 0. 



with the invariant mass given by 
Msys = Hm = 

N 



1=1 

N 

E 

4 = 1 



N 



5\ 



N-l 



a=l 



l..Af-l 



For the origin of coordinates we get 



(2.17) 



(2.18) 



(2.19) 



x^siTs) = x^siO) + u^{ps)Ts + e>:{u{ps)) / cirA,(r). 

Jo 



(2.20) 



^^It entails — 1 = • 'u(Ps) — 1 = — A(t) — 1; after going to Dirac brackets we get = r 



and es = ±Msys. 



17 



The Hamilton equations are [r = T^] 



Ki{T)=Q, 



Vl-(^l(r) + A(r))2' 



N 



i=l 

AT 



1=1 

AT 



-E 



Af-1 



(2.21) 



with Euler- Lagrange equations for //^(t) and A(t) 



N 



1 - (^.(r) + m? 

Ur) + A(r) 



= 0, 



^0. 



If A(t) = ^(r), the solutions of the Hamilton and Euler-Lagrange equations are 



(2.22) 



N 



(r) = Pi, with = ^ /3j = 0, 



i=l 



Vi{T) +g{T) = ai + T 



Pi 



^/mf + pf 



1 r 

77+(T)+^(T) = -^ai+-^ 



AT 



AT 



N 



N 



IfaiPi 



i=l 

N 



Pair) ^^/NY^lai^i + rViV^ 



7ra(T) = ^5l7«i/^^ 



Let us add the gauge fixings 7/+ ~ 0: their time constancy imply 



(2.23) 
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1 ^ 

f]^ = {f]+,HD} = ttE 



- A(r) « 0, 



AT 



AC,; 



i=i Jruj + ^2 



W\rf+=0 



N 

1=1 



AT 



1..N-1 



(2.24) 



a6 



Therefore ^ is not the searched natural gauge fixing fti for the separation of 
the center-of-mass motion. The origin in this gauge is 



1 — , Ki 



a;f+)-(T,)=a;^(0) + K(p,) + -E 



=e^f(«(p,))]T, 



(2.25) 



If we go to Dirac brackets with respect to 17+ ~ 0, ~ 0, we get the following Hamil- 
tonian for the relative variables 



H 



M 



M. 



sys 



N 



1..N-1 



m: 



(2.26) 



a.b 



However, it is practically impossible to get the associated Lagrangian LR{pa,Pa) for the 
relative motions. 



For ff+ = one gets g = -^ E£i ^i + jf Ej=i 



.0k 



In Section III we will find the natural canonical internal 3-center-of-mass variable (f+ 
(replacing the naive r/+) whose vanishing implies A(r) = 0. It will be seen that, unlike in the 
non-relativistic theory, is not a linear combination of the f/j's with coefficients depending 
on the masses, but it is connected to the M0ller internal 3-center of energy, in which the 
masses are replaced by the particle energies. 
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III. THE INTERNAL RELATIVISTIC CENTER-OF-MASS VARIABLES ON THE 

WIGNER HYPERPLANE 



In this Section we will study the internal center of mass variables, while Section IV will 
be devoted to the external ones. 

In the relativistic case of N free scalar particles with positive energy the Hamiltonian 
kinetic energy is not a quadratic form in the momenta and the Lagrangian form is unknown. 
The first problem is to separate the global translations: this is the old problem of the 
definition of a relativistic center of mass As we have seen in Sections I and II, the 
rest-frame instant form of dynamics allows to clarify the problem provided one splits of the 
concept of relativistic center of mass into an external one (a pseudo-4- vector) and an internal 
one (a Wigner spin 1 3- vector). 

The determination of the internal 3-center of mass can be done using the group theo- 
retical methods of Ref. (see also Ref. |]n|): given a realization on the phase space of 
the ten Poincare generators one can build three 3-position variables only in terms of them, 
which are: 

i) a canonical internal center of mass g+ 0; 



ii) a non-canonical internal M0ller center of energy |T3 



iii) a non-canonical internal Fokker-Pryce center of inertia y+ [p!4| , p!5 



On Wigner hyperplanes, due to /?+ ~ 0, we will see that they all coincide: ~ i?+ ~ 



Following Ref. pj] we will determine of gV, y+ starting from the mterna/ realization 
( |^.15| ) of the Poincare algebra. We get the following Wigner spin 1 3-vectors: 
i) The internal Moller 3-center of energy and the associated spin vector 



-/x_l_ — -/v 



k 

Sr = J- R+X K+, 

= 5^^ {i?;,M,,,} 

r rtr rts i ^ rsu of 

sys 

{Sr, = e"-(5« - -^Sr ■ {SI, M,,J = 0. (3.1) 

sys 

Let us notice that with the gauge fixing R^ ^ we have 
i?+ ~ =^ i?+ = {-R+, = 



^^No definition can retain all the properties of the non-relativistic center of mass. 

^^Or center of spin: the classical analogue [I^Jl^ of the Newton- Wigner position operator [O. 
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SfcLl y^k + i^k ^k=l \/^k + i^k 



(3.2) 



Moreover the internal boost generator of Eg. ( p. 151 ) may be rewritten as i^' = —MgygR^, 
so that R+ ^ imphes K ^ 0. 

ii) The canonical internal 3-center of mass and the associated spin vector 



R4 



J xfl 



M2 -4(M,,, + -4) 



K 



+ 



sys 
J X K, 



+ 



Mis - 4 ^Ml^ - R\{Msys + ^Ml^ - R\) 



+ 



for {q+.M^ys} 



sys 



MsysJ 



K X K, 



J ■ K+ Kj 



{Sq, = {Sq, g+j = 0, {S^, Sn = e'-^-Sl 



S=J, 



(3.3) 



Let us remark that the scheme A for the internal reahzation of the Poincare group 
^2 

2J] contains the canonical pairs k+, g+, 5*^, arctg and the two Casimirs invariants 



I'^.l = ^-WyW, Vn (see Eq.dl)). 

In terms of the original variables one has 



1=1 



TV 
1=1 



+ nf 



Y.k=i y^t + ^\ 



S = J, 



q+ = i?^ 



rji ■ [Ki 



V i t 



V t I 



30lt satisfies = 0, = <5-, {J^g^} = e^^g", = -q+, I^q+ = q+. 
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N 



= J - q+ y- fi+ = "^fji X Ki - 

i=l 

Ef=l [Vi X ■ {Ki 



V 1 ' z 



S = J, 



AT 



?2 



i=l 



\ 



N 



k=l 



(3.4) 



iii) Besides the internal canonical 3-center of mass q+ and the internal non-canonical 
M0ller 3-center of energy, we can define an internal non-canonical Fokker-Pryce center of 
inertia ^+ 



y+ = (1+ 



Sq X 



sys 



Sq X 



R+ + 



Sq X 



MsysR-\ 



M2 

sys 



{yl,yl} 
R^ 



Msys{Msys + ^Ml^-Rl) 
1 



y+- 



Sq ■ Kj^ 



(3.5) 



Therefore the gauge fixings g+ ~ i?+ ~ ^+ ~ imply A(r) ~ and force the three 
internal collective variables to coincide with the origin of the coordinates, which now becomes 



X 



(T,) = a:^(0)+M'^(p,)r,. 



(3.6) 



X 



Ml 



By adding the gauge fixings x = q+ ^ R+ ~ y+ ~ 0, it can be shown that the origin 
r) becomes simultaneously the Dixon center of mass of an extended object [^] and both 



the Pirani [^| and Tulczyjew |^| centroids (the Dixon multipoles for the N-body problem 



on the Wigner hyperplane will be studied in Ref. p8[|). 

We need now a canonical transformation bringing from the basis r/j, Kj, to a new canonical 

basis q+, 0), pq^a, T^g,a, in which Sq = Y.a=l Pq,a X nq,a- 



q+ 


Pqa 




T^qa 



(3.7) 
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Let us remark that this is not a point transformation: the relativistic internal center of 
mass g+, reahzing the effective separation of the center of mass from the relative motions in 
the kinetic energy, is momentum dependent. 

The canonical transformation (|3.6| ) will be studied in Section V by using the method of 



Gartenhaus-Schwartz |T8[ as delineated in Ref. p5| (see Refs. [El,p^,|T3] for the N=2 case). 



Let us finally consider the non- relativistic limit of the Lagrangian of Eq. (|2.21|) |^ 

N . N 

Ld = -'^m,\/l-{f]i{T) + X{T)yh-^c^ooJ2^i + ^Dnr, 
i=l 1=1 

N 

Lonrit) = + ^^fit), SDnr = J dtLDnr{t), 



U 2 



^A(i) = = 0, 

dX{t) 

Hc,nr = VTA ■ A + ^K- ■ - Lonr = XI ^ ~ ^ ■ '^+' = I] N 

i=l i=l * i=l 

N 
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Hnnr = Y.^^-Kt)-Mt)+At)-^x{t). 

7i\{t) = K,_^_ ^ 0, {non — relativistic rest frame). (3.8) 

The Lagrangian L^nr has been used in Ref. [0] [see its Eq.(2.1)] to describe the relative 
motions in the non-relativistic rest frame. In the non-relativistic limit tends the the 

non-relativistic center of mass qnr = 

In conclusion, the non-relativistic Abelian translation symmetry generating the non- 
relativistic Noether constants P = const, is splitted at the relativistic level into the two 
following symmetries: i) the external Abelian translation symmetry whose Noether con- 
stants of motion are Ps = egks ~ Mgyskg = const, (its conjugate variable is the external 
3-center of mass Zs); ii) the internal Abelian gauge symmetry generating the three first class 
constraints /5+ ?s (the rest-frame conditions) inside the Wigner hyperplane (its conju- 
gate gauge variable is the internal 3-center of mass ~ i?+ ~ y+), whose non-relativistic 
counterpart would be the non-relativistic rest-frame conditions P ^ 0. 



^ Here t = t, with t the absolute Newton time; for the sake of simplicity we shall use the same 
notation for functions of r and t; having c = 1 the non-relativistic limit c ^ oo is done by 
considering velocities « 1 and momenta « m. 
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IV. THE EXTERNAL CENTER-OF-MASS VARIABLES ON THE WIGNER 

HYPERPLANE. 



Let us study now the localization on the Wigner hyperplane of the external center-of- 
mass variables. Let us remember that the external canonical non-covariant point of 
coordinates 



5^(r) = (£:(r);l.(r)) = z^(r,^)=x^(r) 



(4.1) 



lies in the Wigner hyperplane z^{t, a) = x^(r) + ei^{u{ps))a^ at some 3-position a'^, like the 
true coordinate origin x'^{t) = z^{t, 0), b GCcLUSG ' Xg — Pg ' Xgj SGG Ref. m. 

Like in Eqs.( p.l| ), ( p.3| ) and ( |3.5| ) one can build |^ three externa/ 3- variables, the canon- 
ical Qs, the MoUer Rs and the Fokker-Pryce Ys by using the rest-frame realization of the 
Poincare algebra given in Eqs. ( ^.14| ) 



Rs 



Pi 



/ ~ Ps ~o\ 

P"s^ P"s{p"s + 



Zs 



P°s e 



Qs + 



Ss X Ps 
^s{P°s+^s 



Rs + 
Rs + 



Ss X Ps 

PsiP°s + 
'5'^ X Ps 

P"s^s 



p°Rs + esYs 

P's + ^s 



{Rl, Rl} 



rsur\u 



Jg Rg X pg 



^sP°s 



_|_ Sg ■ Ps 



^s{p° + ^s) 



Ps ' Qs — Ps ' Rs — Ps ' ^s — kg ■ Zg, 



Ps 



0^qg = Yg = Rg 



with the same velocity and coinciding in the Lorentz rest frame where p^ = £^(1; 0) 

We can now try to construct the following three external 4-positions (all located on the 
Wigner hyperplane): 

i) the external canonical non-covariant 4-center of mass i^; 

ii) the external non-canonical and non-covariant M0ller 4-center of energy i?^; 

iii) the external covariant non-canonical Fokker-Pryce 4-center of inertia F/* 0. 



(4.2) 



^^When there are the gauge fixings ^+ ~ it will be shown that it also coincides with the origin 

24 



In Ref. 1231 in a one-time framework without constraints and at a fixed time, it is sliown 



tliat the 3-vector Yg (but not Qs and Rs) satisfies the condition {K^, Yf} = -^YJ {Yf,p°} for 
being the space component of a 4-vector Y"/*. In the enlarged canonical treatment including 
time variables, it is not clear which are the time components to be added to Qs, Rs, Yg, to 
rebuild 4-dimensional quantities x^, i?^, Yf, in an arbitrary Lorentz frame F, in which the 
origin of the Wigner hyperplane is the 4-vector = Xg). We have from Eq.( p.lO| ) 



(r) = (£:(r);l,(r))=x^- 



1 



PsuSg^ + GsiSg^ Sg 



,PsvP''g 



X a 



kliTg 



— + {Tg+ ^'' )kg = qs + {Tg + kg ■ qg)k. 



1 + k^g{Tg + kg ■ qg) ^ x^, 

dgkg. 



Ps 



p^, 



(4.3) 



for the non-covariant (frame-dependent) canonical 4-center of mass and its conjugate mo- 
mentum. 

Each Wigner hyperplane intersects the worldline of the arbitrary origin 4-vector x^(r) = 
z'^{t, 0) in (T = 0, the pseudo worldline of x^(t) = z'^{t, a) in some a and the worldline of the 
Fokker-Pryce 4-vector Yg^{T) = z^{t, By) in some ay; one also has R^ = z'^{t, (Tr). Since we 
have Tg = u{pg) -Xg = u{pg) -x^ = r on the Wigner hyperplane labelled by r, we require that 
also y/*, R^ have time components such that they too satisfy u{j)g) - Yg = u{pg) ■ Rg = Tg = t. 
Therefore, it is reasonable to assume that x^, Y^ and R'^ satisfy the following equations 
consistently with Eqs.(|4.2|) 



x: 



(x^, Xs) 



t ~o -> I Ps ~o\ 

{Xg-qg + -Xg) 

Ps 



[x:-, ^ + {Ts+ '^)kg) =x^ + e^Su{Ps))~a\ 



Yt 



/~o }_[^ I X Ps 

eg^"'^ eg[l + uo{pg 



x^s + €— 



es[l + u°{ps)] 



x^g + e^:(M(p,))a 



u 



+ {Tg + ^)kg 



\X „. Zq 



Sg X Pg 



e,M°(p,)[l + M«(p,)] 



+ {Tg + ^-^)kg 
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•^s 'Ir 



Ts = U{ps) ■ Xs = U{ps) ■ Xs = U{ps) ■ Ys = U{ps) ■ Rg, 



[1 + U"{ps)] 



—^^ H TT- — —, — = es-K, + 



^ 1 + U°{ps) ^ 1 + ' 



= a + = esR . ^ esq . ^ 0, 



ejl + ««(p,)] 



x(9+)^'(r) = F/, whenq+ ^ 0, 

X 



e,M°(p,)[l + M°(p,)] 



(T ; — -7 — —7 = e^xt I + 



U°{ps)[l + U°{ps)] + U°{ps)[l + U"{ps)] 



(4.4) 



Therefore, the external Fokker-Pryce non-canonical center of inertia coincides with the origin 
x[^+^^{t) carrying the internal center of mass. 

Let us remember also that the origin a:;^(r) corresponds to the unique special relativistic 
center-of- mass-like worldline of Refs. . 

In each Lorentz frame one has different pseudo-worldlines describing i?^ and x^: the 
4-canonical center of mass x'^ lies in between and i?^ in every frame. If, in an arbitrary 
Lorentz frame, we consider the worldline Yj" of the covariant non-canonical Fokker-Pryce 
4-center of inertia, the representation in this frame of all the pseudo-worldlines associated 
with x'^ and i?^ fill a worldtube [jl3[ around Yj" whose invariant radius is p = \/ —eW^ / p"^ = 
\S\/\/ep'^ {W"^ = —tp^S"^ is the Pauli-Lubanski Casimir when ep^ > 0). This is the classical 
intrinsic radius of the worldtube, in which the non-covariance effects (the pseudo-worldlines) 
of the canonical 4-center of mass are located. See Ref . pOf for a discussion of the properties 



of the M0ller radius. At the quantum level p becomes the Compton wavelength of the isolated 
system multiplied its spin eigenvalue J s{s + 1) , p ^ p = J s{s + l)h/M = J s{s + 1)Xm 



with M = y/ep'^ the invariant mass and Xm = h/M its Compton wavelength. Therefore, 
the criticism to classical relativistic physics, based on quantum pair production, concerns 
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the testing of distances where, due to the Lorentz signature of spacetime, one has intrinsic 
classical covariance problems: it is impossible to localize the canonical 4-center of mass 
adapted to the first class constraints of the system (also named Pryce center of mass and 
having the same covariance of the Newton- Wigner position operator) in a frame independent 
way. 

Let us remember that p is also a remnant of the energy conditions of general relativity 
in flat Minkowski spacetime: since the M0ller non-canonical, non-covariant 4-center of energy 

has its non-covariance (its pseudo-worldlines) localized inside the same worldtube with 
radius p (actually the latter was discovered in this way) [|T^], it turns out that for an extended 
relativistic system with the material radius smaller of its intrinsic radius p one has: i) its 
peripheral rotation velocity can exceed the velocity of light; ii) its classical energy density 
cannot be positive definite everywhere in every frame. 
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V. THE INTERNAL RELATIVE VARIABLES FROM THE 
GARTENHAUS-SCHWARTZ TRANSFORMATION. 



Given ffi, K,i, we must now find the canonical basis gY, Pga, T^qa of Eq.( 
We sliall use tfie classical analog of the Gartenhaus-Schwartz singular transformation 
T8| following the scheme used in Ref. to find the center-of-mass subspace of phase space 



N 



defined by k+ = Q 

U{a) = e°^-'«^+"^+>, 

q+-K+ = — ^'^.^[ n+ -K, n+ = K = - ^ y'mf + K^ffi, 

q+{a) = U{a)q+ = e"q+ ^a^oo oo, 

=^ K,j^{a) ■ = k+ ■ (f+, fi+(a) = n+. (5.1) 

Therefore, lima^ooU{a) can only be applied to the set of functions on phase space 
which have vanishing Poisson bracket with namely to [or tTq = Ylf=i'laii^i] and to 

Pa = VNEllla^V^ of Eq.(^). 

Since, for finite a, U{a) is a canonical transformation, the Poisson brackets are preserved 
[{f{a),g{a)} = U{a){f, g}] even in the limit a — > oo. 

Let / = f{f]i,K,i) have zero Poisson bracket with {/,/?+} = 0, and let be /(a) = 
U{a)f. Then, we have 

/(a)} = e-{/5+(a), /(a)} = e-(f/(a){/?+, /}) = 0. (5.2) 

Moreover, since the Jacobi identity , {q+, f}} + {f,{i^+,q+}} + {^f){/)^+}} = 
implies {/?+,{(?+, /}} = [namely also /} has zero Poisson bracket with /5+ if {/,/?+} = 
0, so that U{a){q-^, /} has a well defined limit for a oo] one also has 

{q+, /(«)} = e-"{g+(«), /(«)} = e""(f/(a){g-;, /}) ^™ 0. (5.3) 
Moreover, we have 

df{a) 



da 



{/(a), ■ g+} = {/(a), k+(") ■ Q+ia)}- (5.4) 



Therefore, the relative variables tTq = -^Yjf^ilaA and = VN YliLilaiVi, which 
commute with [see Eg. ( |2.16| )], satisfy 
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The singular limit a — > oo is very similar to a contraction of a Lie algebra. 
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pa{a) = U{a)Pa^a^ooPa{oo)'^= Pqa, 

with pqa-i T^qa, pairs of Canonical variables having zero Poisson bracket with q^, k+. 
In this way one gets the searched canonical transformation ( |3.7| ). 
Let us first evaluate nqa following the scheme of Ref . P3| . From Eq. (|5.4|) we get 



— = {Ki{a),K+{a) ■ q+{a)} = ———-Hi{a), 



with the notations 

N N 



i=l i=l 



Hi = \lm} + fif, Hi{a) = ^mf + Kf{a) -^a^oo Hi{oo) '= H^rei)i, 

From = Hf{a) — (a), we get 

dHi{a) dKi{a) ^ 

— Hi{a) = — K,i{a), 

da da 

dHj(a) ^ , , Kjia) 



Kiia 



da Hm{oi 



da ~[ da Hm{q)^ 

U = Hm-kI = Hli{a) - Kl{a)^a^oo ^m(oo) = i/J^;), 

dU 

or — — = 0. 

da 

Let us now introduce 6{a) such that [ch'^ 6{a) — sh? 9{a) = 1 also for a ^ oo] 
, ^ _ \K+\HM{a) - \K+{a)\HM \k+\ 

uQf \ -f^Af-f^M(a) - |'t+P+(a)| Hm 
chO{a) = >a^oo 



[a] = tank tanh — s>„^nO, -^n^ndanh 



Hm Hm{cx) Hm 

Since we have 

dO{a) \R+{a)\ dn+{a) 



da Hm{c() da 
we arrive at the coupled equations 



n+(a;) = n+, 
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dKi{a) 

de 

dHi{a) 

de 



-Hi{a)n+, 
-Ki{a) ■ n+, 



whose integration gives 



K,i{a) — K,i+ (jch9{a) — l]n+ • /Cj — sh9{a)H^fi^ 



Ki(oo) = Ki + 



vn ^^^^ ~7n^' 



Tl-y. ^ K'l 



Hi{a) — \jm1 + /??(q;) = c/i 6{a)Hi — sh 6{a)n^ ■ Ki 



Hi{oo) = ^mj + Ki{oo) = —^{HMHi - k+ ■ Ki) H, 



Hi = \Jmf + K,f = Hi{a)ch6{a) + n+ • K.i{a)sh9{a) 
1 



[Hi{oo)HM + n+ ■ Ki{cG)\K+\ -ffi(oo), 



TV 



with ^ Hi{oo) = Hm{oo) = "/n =^ H^rel), 



(5.11) 



= /?j(Q;) + [ch6{a) — l]fi+ • Ki{a)nj^ + sh9{a)Hi{a). 
Therefore, we get 



A' 



ViV 



AT 



ViV 



(rel)i 



7r„ - 



= [Ha 



2 _ -2 



M 



N 



Ha — r— 5^ JaiH, 



AT-l 



a=l 



l..Af-l 
ab 



N 



(5.12) 
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JV 



oo 



N 

E 



1=1 



m: 



1..N-1 
ab 



(5.13) 



Let us now evaluate pqa- 

Let us first remark that the following two quantities are invariant under the canonical 
transformation U{a): 



r(i) 



HuHi - K+- Ki = HM{oi)Hi{a) - K+{a) ■ Ki{a), 
diP 



da 



/(2) 



0, 



K+- K _ |(n _ ^+(q^) • K{a) 

Hm i=i Hm HM{ot) 

dl^'^ 



da 



= 0, 



and that we have 
1 



a 



HM{oi)\K+{a)\ da 

Ki{a) dj}'^\a) 
Hf{a) ~ de{a) 

Since we have also 



, with J^^\a) 



sh 6{a) 
\K+{a)\\K+y 



, with J] {a) 



d 



rf,- — ni = 



l^+l 



(5"' - n>;) = 0, 



we get preliminarly, for n+ • fji{a) 



d ^ 



da 



n+ ■ f]i{a) = {n+ ■ fji{a), R+{a) ■ q+{a)} 



„ d n+ ■ K(a)\K+(a)\ , d \K+(a)\K^(a) 



'dkl(a) Hm{oi) 



'dkl(a) Hm{o) 



Then, since 



d |ki (a) 



r(l) 



dkl{a)HM{a) Hl^{a)Hi{a)' 
kl{a)r]t{a) 



we get 



imip 



Hi{a) ' 

n+ ■ f)i{a)n+ ■ Ki{a) \K+{a) 



+ 



HM(a)Hi(a)\K+(a)\ Hi{a) 



Hm{o^) 



Hi(a) da Hi{a) da 
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(5.14) 



(5.15) 



(5.16) 



(5.17) 



(5.18) 



(5.19) 



These equations have the solution 



Hi 



For fji{a) we have 
da 



^, |K+(a)|A;[(a) 



Ei{(x) |K+(a)p+| 

J(2) j:/. 

9 



(5.20) 



Hi{a)HM{a) 



+ 



Hi{a)HMia] 



(5.21) 



By putting Eqs. (|5.20|) in Eq.( |5.21|) we get the equations determining f]i{a). 
Instead of integrating these equations, let us study the equations for Pa{a) 



I]j=i 7aj^i(a), since for interactions depending on ffi — ffj we have r]i{a) — f]j{ 
-^l:a=l{la^-la,)Pa{a). Eqs.(ill|) and dm) imply 



dpa{a) _ 
da 

dpaja) _ 
de{a) 

whose solution is 

Pa (a) = 

Foe a — ^> oo we get 



N N-1 



- ^HiHj kj{a)\K+{a 

£1 



ij=l 6=1 



M 



N N-l H H 



Hj{a)HM{a) 
djf\a) 



i,j=i b=i 



M 



de{a) 



(5.22) 



N N-l 



Pa - H ^+ ■ Pb^^^lajilbi - -fbj)Jj'^\a). 



M 



(5.23) 



^ def ^ , . 
Pqa = Pa{00) = Pa - 

N N-l 

- HYl laj{lbi-lbj) 
i,j=l 6=1 

N N-l 



Hi 



H 



M 



^ ^ ^ f .Hi Kj{oo) 

pa - 2^ 2^ lajilbi - 7bj) /- 
i,i=l 6=1 HMHj{00}VT^ 



K+- Pb ^ Pa 



n+ ■ pb 



(5.24) 



One can check that for N=2 and 71 = —72 = 1/ a/2 one reobtains the results of Ref. 33 
Let us now consider the spin vector Sq = Sg — q^^ x = [ff^ — q_^_] x + J2a=i Pa^T^a- 
For arbitrary a we have Sq{a) = Y.a=i Paio^) x 7?a(tt) + [v+ict) — q+{a)] x K,^(a) and, since 
q+{a) ■ /?+(«) is a scalar, {5*5(0;), ^+(0;) ■ /?+(«)} = 0. Since K+{a) = 0, we get 
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Sq{a) 



N-1 

Sq = pqa ^ '^qaj 

a=l 



(5.25) 



if we can show that 17+ (a) — q+{(y) -^a->oo finite value. But, since the boost generator may 
be written as 



N 



K{a) = -J2ff,ia)H,ia) 

i=l 



-f]+{a)HM{a) + pa{a)Ha( 



a) 



a=l 



N 



Haia) 



a 



we get 



r/+(a) - q+[a) = . . + ^ r^- + 



+ 



HM{a)^{^ + HM) 

1 N 



-y=J2pai00)Ha{00) 
V 11 a=l 



1 1 



N 



l..N~l 
ah 



Q+ = V+ 



1 



l^a=l Pa 



N 



i= 

+ (terms^a^oo 0, i.e. ~ duetoK,^ ~ 0), 



to be compared with Eq.(|3.4]). 

In this way we have obtained the canonical transformation 



Q+ 


Pqa 


K+ 


TTqa 



(5.26) 



(5.27) 



(5.28) 



even if it is not known how to get the inverse canonical transformation. 

When we add the gauge fixings g+ ~ for ^ and we go to Dirac brackets, we get 



Pqa — Pa: ^qa — ^aj 



Sq= Y Pia ^ ^qa =^ 51 ^ ^« 



N-1 



a=l 



a=l 



N 



'A 



+ N lailhiT^qa " T^qb = Mgys = Hm- (5.29) 



ab 



See Appendix C for the case of spinning particles. 
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VI. RELATIVISTIC ROTATIONAL KINEMATICS. 



All the results of the previous Sections are needed to get the separation of the internal 
center-of-mass degrees of freedom in the relativistic theory: this has been accomplished by 
adding the gauge fixings ~ to the rest-frame constraints k+ ~ and by going to 
Dirac brackets. We are left with the relative canonical variables pqa = Pa, ^Cqa = ^Ca and the 
Hamiltonian 



N 



H{rel) = Hm{00) = X! \ 
i=l \ 



I..N-1 



2 

m 



l + N 'JailbiTTqa ' T^qb = Msys, (6.1) 



ab 



which replaces to the non-relativistic one Hrei,nr = | Z]^6=\ ^afe^["^«5 7ai] ^qa " ^qb of Eq.(2.9) 
of Ref. @ for c ^ oo. 

Let us remark that in the Hamiltonian for the relative motions in the rest frame instant 
form, each square root identifies a (A^ — 1) x (A^ — 1) matrix -ft'(7)ab ~ ^lailbi = -^(7)6a 
0. The existence of relativistic normal Jacobi coordinates would require the simultaneous 
diagonalization of these N matrices. But this is impossible because 

-^(j)]a6 = G(ij)ab = —G{ij)ba = —G(^ji)ab, (6.2) 

with G(ij)ab = —NYiailbj — lajlbi\- There are \N{N — 1) matrices Gjj, each one with \{N — 
1){N — 2) independent elements. Therefore, the conditions G[ij)ab = are ^A^(A^ — 1)^(A^ — 2) 
conditions and we have only ^{N — 1){N — 2) free parameters in the jai 0- 

Therefore, it is impossible to diagonalize simultaneously the N quadratic forms under 
the square roots: there are no relativistic normal Jacobi coordinates and no definition of 
reduced masses and tensors of inertia. 

To find the analogue of Lrei,nr = lJ2a,b=ikab[mi,jai] Pa ■ Pb (Eq.(2.9) of Ref. 0), we 
should perform an inverse Legendre transformation. The first half of Hamilton equations 
gives 

■r o r r TT 1 ^lai Yl,b=l IbiT^qh 

Pqa = iPqa^ ^{rel)\ = 2^ / , . ^ =^ 

i=l Jmf + N Y.ab lailbiT^qa " T^qb 



4 



Pqa ' Pqb 



iJ ^Jmf + N Yllf, ^ la^ilb^i^qa, ' ^qb, m] + N J^^'f^ ^ TaajTbaiTTgaa " TT^fe^ 

(6.3) 



At the non-relativistic level there is only one such matrix at the Hamiltonian level, i.e. /c^^ = 
Eli^K^.U^see Eq.(2.9) of Ref. §. 

^^For N=3, there are 3 conditions and only 1 parameter; for N=4, 18 conditions and 3 parameters. 
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To get T^qa-T^qb in teims of pqaPqb ^6 should solve higher order algebraic equations. As already 

pointed out, this implies that Lrei{Pqa, Pqa) = Yla=i ^qa ' Pqa ~ H is a hyperelliptic function 
already in the free case. This in turn means that, unlike the non-relativistic case, it is not 
possible to define either an Euclidean or a Riemannian metric on the space of velocities from 
the kinetic energy (see Ref. Therefore we cannot visualize the Lagrangian dynamics as 
in the non-relativistic case. The form of the canonical momenta 



dL 



IT 



rel 



qa 



dp] 



qa 



fabipqc ■ Pqd)p\ 



qhi 



(6.4) 



can only be given in implicit form. 

Moreover, we cannot evaluate the restrictions on the relative velocities Pqai^) resulting 
from the existence of the limiting light velocity c 

If we try to follow the non-relativistic pattern of the static orientation-shape bundle 
approach (see Ref. [Q), we getQ 



qa 



def 



qa 



qa'> 



-'qa 



^ ^ , dpqa 



Pqa 



qa 



qa 



s: 



Sn 



s: 



qai 
N-l 

fabipqc ■ Pqd)Plb = 
b=l 

N-l 

Y fabiVqc ■ Vqd)Vqh^ 
b=l 

N-l 

Rrs^ga^^s ^ Y: [pq, X 7f,J^ 



a=l 



N-l 

a=l 
1...N-1 

y ] fab 

ab 



qa 



1") ■ ( 



, ^ ^ , dpqd 



Pqa X ((^ X pq, + ^q^) 



dqf" 



1...N-1 



dPq 



E fab (?)^"^'' + ^ ■ (P,c X ^ + Pqd 



ab 



dpq 

dq 



■ 'gcN .n , dpc dpd 



^^For the absolute velocities fjiir) we have |f/j(T)| < c = 1. 

^^The first line defines the body frame components p^^ of the vectors pqa in this approach {6° are 
Euler angles). The body frame components of the relative velocities are the of the second line, 
while those of the spin and of the angular velocity are and tD*" respectively. 
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1...N-1 
ab 



L.AT-l 

E fab{Vqc-Vgd)Ilab){q), 



O'lab)^ 



ab 

Ir^ dpqb , ^ Sp^a 

L.AT-l 



udef 



ii:b)muM)^ 



(6.5) 



ab 



We see that there is no more a linear relation between the body frame spin and angular 
velocity. By expanding fab{x) in a power series around x = 0, we get that 5*^' is an infinite 
series with all the powers of the body frame angular velocity. The lowest term is iS^^-^^ = 

^afi^ fo-b{0)Ilab)iQ)('^' + ^lab)ni(l)q'') ^ith /„b(0) playing the role of the non-relativistic kab 
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Therefore, the tensor of inertia looses a clear identification: only its building blocks I^^-^, 
existing also in the non-relativistic theory, appear in the relativistic construction. 

The N=2 case with equal masses mi = m2 = m is the only case in which we can evaluate 
the relative Lagrangian. We get 



Lreiip,p} = -my A- p 



■J 



(6.6) 



Therefore in this case the only existing relative velocity has the bound |p| < 2. 

Let us write p = pp with p = \p\ and p = With only one relative variable the three 
Euler angles 9°' are redundand: there are only two independent angles, those identifying the 
position of the unit 3- vector p on S"^. We shall use the following parametrization (Euler 
angles 9^ = 0, = 9, 9^ = 0) 



p^^R-\9,m, 

Po = (0,0,1), 



R''{9,(t>)^R,{9)Ry{4>)^ 



{reference unit 3 — vector), 



( cos 9cos (f) —sin sin 9cos (p \ 

cos 9 sin cos (j) sin 9 sin 4 
—sin 9 cos 9 



^^Recall that its diagonalization defines the Jacobi coordinates and the reduced masses. 
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/ —sin9cos(j)6 —coscjxf) cos dcos (j)6 — sinOsirn 

R^^ = —sin Osin (j)9 + cos Ocos (jxp —sin (fxj) cos Osin (j)6 + sin Ocos ( 
V -cosOe -sinOe 

-cos ecj) e 

R^R= I COS 00 sin 9(1) \ . (6.7) 
-9 -sin9(j) 

Following the orient at ion- shape bundle approach, we get the following body frame ve- 
locity and angular velocity (p is the only shape variable in this case) 



uo = {Co = —sin 9(f), Co =9,0), 

Hp) = (6.8) 

The non-relativistic inertia tensor of the dipole Inr = PP^ Q is replaced hj I = Inr / p = p^ ■ 
The Lagrangian in anholonomic variables become 



L{uj,p,p) = -m^A- I{p)Q'^ - p"^. (6.9) 

It is clear that the bound |p| < 2 put upper bounds on the kinetic energy of both the 
rotational and vibrational motions. 
The canonical momenta are 

^ dL ml{p)uj 

9^ - /(p)cJ2 - p2 ' 

dL mp 
7r = T7T = ^ . ^ (6.10) 

- /(p)cJ2 - p2 

The body frame spin is not linear in the body frame angular velocity (only approximately 
for slow rotations). When |p| varies between and 2 the momenta vary between and oo, 
namely in phase space there is no bound coming from the limiting light velocity. This shows 
once more that in special relativity it is convenient to work in the Hamiltonian framework 
avoiding relative and angular velocities. 



Since we have JA — I{p)uj'^ — p^ = , 2m inversion formulas are 



^^A* = reduced mass; see Ref. [§. 
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s 



mi{p) 



4 - I{p)uj^ - 



2i-\p)S 



m2 + /-i(p)S2 + 7r2 



TT 



27r 



p= - V4-/(p)(^2_^2 = ^ _ 

Vm2 + /-i(p)52 + 7r2 
On the other hand, the Hamiltonian becomes 



(6.11) 



H = 7Tp + S -^-1 = 2Vm2 + I-^{p)S^ + 7r2. 



(6.12) 



Therefore, this special case identifies the following point-canonical transformation fol- 
lowed by a transformation to an anholonomic basis like in the non-relativistic framework 



P 



7Tn 



9 <p 


P 




71 



non can. 



(p 


p 




TT 



p^ = pR^^{9, (f))pl = p{sin9cos (p, sin 6 sin (p, cos 9), 



m [pLO X po + ppoY 
4 - I{p)uj^ - p2 



R''{9,<j))\pr\p)Sxpo + TTpo 



(6.13) 



In conclusion, due to the absence of a workable Lagrangian approach, we are forced 
to try to define everything at the Hamiltonian level. In order to get an extension of this 
results for arbitrary N, we will abandon the static orientation-shape bundle approach and 
we shall investigate the canonical spin bases as in the non-relativistic case of Ref. p|. In this 
approach we have to guess in some way a set of non-point canonical transformations from 
the canonical variables Pga, TTqa to a basis which generalizes the previous result for the N=2 
equal mass case. 

The non-relativistic non-Abelian rotational symmetry generating the Noether constants 
of motion S = constant is replaced by the internal non-Abelian rotational symmetry gener- 
ating the constants of motion Sq inside the Wigner hyperplane with the rest-frame conditions 
K4. ^ 0. 
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VII. CANONICAL SPIN BASES 



In this Section we show that the construction of the canonical spin bases with the asso- 
ciated spin frame and evolving dynamical body frames in the relativistic case starting from 
the relative canonical variables pga, Tiqa, ct = l,--,^ — 1, is identical to that proposed in 
Ref. for the non-relativistic case. This happens because the total conserved rest-frame 
spin is Sg = Yla=i Pga ^ ^qa = Y.a=i ^qa hke in the non-relativistic case and because the 
construction is based only on the possible spin clusterings which can be obtained from the 
individual Sga- Only the Hamiltonian for relative motions is different. 

We shall sketch the construction for = 2, = 3 and > 4 by referring to Ref. 
for the relevant calculations. 



A. 2-Body Systems. 

Let us start from the case N=2, i = 1,2 





Pq 




T^q 



(7.1) 



After the elimination of the internal center-of-mass degrees of freedom with the gauge 
fixings g+ ~ 0, the rest-frame dynamics of the relative motions is governed by the Hamilto- 
nian 



H{rel) 



sys- 



(7.2) 



The spin is Sg = Pg x ifg [Sg = y Sg]. Let us define the following decomposition (the 
notation R for the unit vector pg is used for comparison with Ref. pO| ) 



Pq = PqR, 



Pq 



R - — - Pq-, 
Pq 



R' = 1, 



- - S 

TTg = TTgR -R X Sg = TV g f) g -Pg X Sg, 

Pq Pq 



Hg = TTg ■ R = Tig ■ ^g. 



S ^ ^ 

Sg = Sg ■ R = 0. 

Og 



(7.3) 



The spin frame of R^ is given by Sg, R, R x Sg with {S^, S^} = e'^'^S^, {R\iV} = 0, 

{R^,S^} = e^^^R^. The vectors 5*^ and R are the generators of an E(3) group containing 
S0(3) as a subgroup. 

Let us consider the following canonical transformation adapted to the spin 



Pq 



Tlr. 



a P 


Pq 


Sg S '^ 


^q 



(7.4) 



where 
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a 



s„ 



5-2 



We have 



,3 1 



SI 



COS j3 — 



SI 



- (Sir 



Si = ^{S,f-{Slfsin(3, 
Si , 



(7.5) 



(7.6) 





— p\ — sin 9cos (p 


R^ 


— p\ — sin 9 sin </? 


R' 


= Pq = C0S9 = — 
Oq 


{Sg X RY 


q2 £)3 c3 d2 
— JqJ^ — i^q^ — 


{S, X Rf 


c3 d1 q1 d3 
— iJqt\- — i^q^ — 


(4 X 


Al p2 q2 A1 
— — Oqtt — i^q^ 



So 

-^cos j3cos a, 

So 

— ^sin (3cos c 

Sq 



[SqY-iSlfcosa, 

S .J 

In (3cos a + -^cos (5sin a, 
SI 

cos (5cos a + -^sin j3sin a, 

Sq 

^^JiSq^-iSl^sina. (7.7) 

iJq 



Then we have the following inverse canonical transformation 

Pq = PqR{(^,P,Sq,S^), 

TTq = nqR{a, P, Sq, S'q) ^R{a, Sq, S'q) X Sq{P, Sq, ^J), 

Pq 

C-2 

^ -Si2 ~2 I '^5 
^q^^q + -^^ 
Hq 



- , dRia) - , TT, 

Sq X R{a) = = R{a + -), 



a^-tg-^^m^. (7.8) 

[SqX{SqXR)]^ 

From the last line of this equation we see that the angle a can be expressed in terms of 
5", and R. 

The conjugate variables Pq, fq can be called dynamical shape variables : they describe 
the vibration of the dipole. 
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Then the rest-frame Hamiltonian for the relative motion becomes 



, o dHfrel) Sq f 1 



. o_ dHj^rel) _ ^ / 1 ^ 1 



vr„L -0 = 0, 



= ^M) |5,=o = V"^? + n + (7-9) 

where I = = Inr/ P is the non-relativistic baricentric inertia tensor Inr of the dipole 

divided by the reduced mass /i = . The quantities and -^[^7)°'' ^'^^ purely 

rotational and purely vibrational Hamiltonians, respectively. 

For equal masses we get formally the same results of the previous Section but in a 
different canonical basis, if we make the identifications vr = vf^, p = and = R^^{6, (f))pl- 
Only after a non-point transformation a, Sq, /5, t-^ 9, vre, 0, [i.e. from Eq.(|7.7|) to 
Eq.Q], Eqs. OTTTTI) become Eqs. (|6J[3|) . 



B. 3-Body Systems. 

In the case N=3 the range of the indices is z = 1,2,3, a = 1,2. The spin is Sq = 
X]a=i Pqa X T^qa = J2a=i Sqa after the cauouical transformation which separates the internal 
center of mass 





Pqa 




T^qa 



(7.10) 



After the gauge fixings gV 
governed by the Hamiltonian 



0, the relative motions in the rest-frame instant form are 



if(re/) = Hm{oo) = 

i=i\ 



'^ainbi'^qa ' ^qb 

a,b=l 



sys- 



(7.11) 



We shall assume Sq ^ 0, because the exceptional S0(3) orbit S'g = has to be studied 
separately. This is done by adding ~ as a first class constraint and studying separately 
the following three disjoint strata (they have a different number of first class constraints): 
a) Sq ~ 0, but Sqi = —Sq2 7^ 0; b) Sqa ~ 0, o = 1, 2 (in this case we have pqa — kaTiqa ~ 0). 
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For each value of a = 1, 2, we can consider the canonical transformation ( [7.7|) 



where 



Pa = tg 



s, 



qa 

C2 
^1 '-^qa 

"cT' 

'-'qa 



■{pqa 



qa 



sin Pa 



pqa 



qa 



{p. 



qa ) 



Pla 



-IT 



^a Pa 


Pqa 


o C3 


T^qa 



s\ 



qa 



COS Pa 



>~'qa 



(Sqar - (Sla)' 



(7.12) 



(7.13) 



Pqa PqaRai Pqa ^ Pqai ^a Pqai Ra ^i 

Pqa 



Sqa " 

T^qa '^qaRa Ra ^ ^qa^ 

Pqa 



"^qa ' Ra- 



(7.14) 



Pqa PqaPqaifi^a^ Paj Sqa: 



qan 



vr, 



qa 



T^qaPqaiS^ai Pai Sqa, S^a) Pqa{c^ai Pai Sqai S^a) ^ Sqa^Pai Sqa-, S„a) 



^qa 
Pqa' 

3 Sqa " 3 " 3 

qaRaifi^a, Pa, Sqa, Sqa) Rai^Ola, Pa, Sqa, Sga) ^ Sqa^Pa, Sqa, Sqa)- C^"-^^) 

Pqa 



We have now two unit vectors Ra and two E(3) realizations generated by Sqa, Ra respec- 
tively and fixed invariants R^ = 1, Sqa ■ Ra = (non-irreducible, type 2 p]| ). 

In order to implement a SO (3) Hamiltonian right action in analogy with the rigid body 
theory, we must construct an orthonormal triad or body frame N, x, N x x. The decomposi- 



tion S = S^x+S"^^ ^X+S^^ S^Gr, identifies the S0(3) scalar generators S**" of the right 
action provided they satisfy {S"", S^} = — e^^^S"". This latter condition together with the ob- 



vious requirement that N, x, N xxhe S0(3) vectors [{A^**, S"*} = e'"'*«A^"^ [-^'^^ 5"*} 
{N X X, S'} = e^'^^iV X x"] entails the equations [] {iV^ N'} = {W, x'} = {x^ X"} = 0. 

To each solution of these equations is associated a couple of canonical realizations of the 
E(3) group (type 2, non- irreducible): one with generators S, N and non- fixed invariants 
S^ = S ■ N and \N\; another with generators S, x ^-nd non-fixed invariants S^ = S ■ x 
and Ixl- These latter contain the relevant information for constructing the angle a and 
the new canonical pair 5*^, 7 = tg~^§T of S0(3) scalars. Since {a,S^} = {a, 7} = must 
hold, it follows that the vector N necessarily belongs to the S-R plane. The three canonical 
pairs S, a, S^, P, S^, 7 will describe the orientational variables of our Darboux basis, while 



^'^With 5^ = 5 • ir, the conditions {5^,5^} = —e^^^S"^ imply the equations S - Cr x is + 
S^S^{el,ei} = ersuS^e^, hence the quoted result. 
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|A^| and \x\ will belong to the shape variables. Alternatively, an anliolonomic basis can be 
constructed by replacing the above six variables by S"^ and three uniquely determined Euler 
angles a, /3, 7. 

In the N=3 case it turns out that a solution of the previous equation corresponding 
to a body frame determined by the 3-body system configuration only, as in the rigid body 
case, is completely individuated once two orthonormal vectors and Xi functions of the 
relative coordinates and independent of the momenta, are found such that A'^ lies in the S 
- R plane0. We do not known whether in the case N=3 other solutions of the previous 
equations exist leading to momentum dependent body framesQ. 

The simplest choice for the orthonormal vectors A^ and x functions only of the coordinates 

is 



1 



iV ■ X = 0, {N\ N^} = {x^ x'} = {iV^ X'} = 0, 



Rl=Pgl=N + X, R2=Pq2 = N-Z Rl- R2= Pgl- Pg2 = - X- (7.16) 

Likewise, we have for the spins 

Sq = Sql + >S'g2; 
Wq = Sql — Sq2, 



Sql = l{Sq + Wq), Sq2 = \{Sq - Wq) , 



{W^,W^} = e'^'''S^. (7.17) 

We therefore succeeded in constructing an orthonormal triad (the dynamical body frame) 
and two E(3) reahzations (non- irreducible, type 3): one with generators Sq, N and non- 
fixed invariants |A^| and S ■ N, the other with generators 5*^ and x ^-nd non-fixed invariants 



Let us remark that any pair of orthonormal vectors N, x function only of the relative coordinates 
can be used to build a body frame. This freedom is connected to the possibility of redefining a body 
frame by using a configuration-dependent arbitrary rotation, which leaves in the S-R plane. 

'^^ Anyway, our constructive method necessarily leads to momentum-dependent sokitions of the 
previous equations for A^ > 4 and therefore to momentum-dependent or dynamical body frames. 
See the following Subsection C. 
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Ixl and Sq ■ x- As said in Ref. this is equivalent to the determination of the non- 
conserved generators of a Hamiltonian right action of SO (3): = Sg ■ x = Sg ■ ii, 
S'^ = S,-Nxx = S,-e2,S^g=S,-N = S,-es. 

The reahzation of the E(3) group with generators Sg, N and non-fixed invariants Xi = iV^, 
I2 = Sq ■ N leads to the final canonical transformation 



where 



pqa 



TT. 



qa 



ai Pi 


OL2 P2 


pqa 


Sql Sqi 


Sq2 Sq2 


T^qa 





\N\ 


pqa 


Sq = Sq S'^ S^ = Sq • N 




T^qa 



(7.18) 



\N\ 



'1 ■ Pq2 



Si = Sn-N 



Y.Pl'^ 



X TT, 



qa 



COS Ip = Sq ■ N 
2 



Sn 



Pql + Pq2 
1 + Pgl ■ Pg2 
1 



SqCOS 1p, 



stmij = -^iSqy-is-^y, 

Jq 



Sq — Si 



Y^PQ^ 



X TT, 



qa 1 5 



a=l 



^1 = Y.(paa X TT, 



qa ^ "qaj ; 



a=l 



a = —tg 



-1 



{Sq X NY 



-tg 



-1 



[Sq X {Sq X iV)]3 

[Sq X (^,1 + p,2)]^ 



[Sq X (5, X [p^i+p^2])]3- 



q2 

= tg-' 



7 = 



S'q 



siny 



tg-' 



q2 
^q 



{Sq? - {siy 



COS 7 



{Sq? - {siy 



V2Sq- 



g • Pg2 X Pql 



1 + Pgl ■ /3g2 ■ {pql " Pg2) 

l^, ■ (iV X x) Wq-{Nx x) 



\x\ v^l -iV2 

y2ELl(-)"+Vga X 7r,a • (p,2 X Pql) 



[^- pql- Pq2]Jl+ pql- Pq2 



(7.19) 
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For N=3 the dynamical shape variables, functions of the relative coordinates pqa only, 
are \N\, pga, while the conjugate shape momenta are ^, vf^a. 

The final array (|7.18|) is nothing else than a scheme B |^T| of a realization of an E(3) 



group with generators Sq, N (non-irreducible, type 3). In particular, the two canonical pairs 
Sg, /?, Sq, a, constitute the irreducible kernel of the E(3) scheme A, whose invariants are S^, 

\N\; 7 and ^ are the so-called supplementary variables conjugated to the invariants; finally, 
the two pairs Pqa, Tiqa are so-called inessential variables. Let us remark that S^, [3, Sq, a, 7, 

^, are a local coordinatization of every E(3) coadjoint orbit with S^ = const., \N\ = const. 
and fixed values of the inessential variables, present in the 3-body phase space. 

We can now reconstruct Sq and define a new unit vector R orthogonal to Sq by adopting 



the prescription of Eq. ( |7.10|) as follows 

sl = ^^iSqy-{siycos/3, 



s'q = ^^{Sqy-is|ys^np, 



Sq 
Sq 



^ 1 n 

R =sin(3sina — ^cos(3cosa, 

Oq 

R = —cos (3sin a — -psm /?cos a, 

Oq 

1 



R' = ^^iSqy-iS^qrcosa, 

iJq 

R^ = l, R-Sq = 0, {R'',R'} = 0, 

R 

'q 

3 (3cos a + 

1 



{Sq X R)^ = SgR^ - S^R!^ = sin (3cos a + -^cos (3sin a, 

Oq 

S 

{Sq X i?)^ = S^R^ — S^R^ = —cos [3cos a + -^sin [3sin a, 

Oq 



{Sq X = -S^R' - SlR^ = -^{Sqf - {Slfsma, (7.20) 

Jq 

The vectors Sq, R, Sq x R build up the spin frame for N=3. The angle a conjugate to 
5'g is explicitly given by0 

„ = -to" " = (7 21) 

IS, X (S, X JV)]3 IS, x(S,xfl)P' 



The two expressions of a given above are consistent with the fact that Sq, R and N are coplanar, 
so that R and differ by a term in Sq. 



45 



As a consequence of this definition ofR, we get the following expressions for the dynamical 
body frame N , x, N x x in terms of the final canonical variables 



= N[Sq,a-Slp-Sl^l 



X = sin i/jcos •ySq — cos ipcos •yR + sin •ySq x R = 

I - . 53 . 

= -^yiSqY - (S'^ycos'jSg - -^cos'-fR + sin'-fSq x R = 

Dq Oq 

= x[Sq,a;Sq,(3;Sq,-f], 



N X X = sin Tpsin jSq — cos ipsin •yR — cos •ySq x R 



C2 



Try ('S'g)^ — {S^ysin'ySq — ^sin'jR — cosjSq x R 



S. 



q Q Sq Sq R Sq Sq X R 

— On 



Sn 



(Sq)' - {Sir 

= {Nxx)[Sq,a;SlP;Sl^], 
Sq = sin ipcos 7X + sin ipsin •yN x x + cos ipN 



def 



Sn 



Slx + S'Nxx + S'^N 



R = —cos ijjcos 7X — cos ipsin 'jN x x + sin ipN, 



Rx Sq = —sin'jx + cos'yN x x- (7.22) 

While ip is the angle between Sq and iV, 7 is the angle between the plane N — x ^^id the 
plane Sq — N . As in the case N=2, a is the angle between the plane 5*^ — /s and the plane 
Sq — R, while P is the angle between the plane Sq — /s and the plane fs — fi. 

Owing to the results of Appendix C of Ref. 0], which allow to reexpress Sqa = \Sqa\, 
Saa^ Pa = tg~^^ and aa = —tg~^ ,A ^^''"■^^"X in terms of the final variables, we can 
reconstruct the inverse canonical transformation. 

The existence of the spin frame and of the dynamical body frame allows to define two 
decompositions of the relative variables, which make explicit the inverse canonical transfor- 
mation. For the relative coordinates we get from Eqs. (|7.16| ) and Appendix C of I 

Pqa = PqaRa = Pqa[N + = Pqa[\N\N + (-)"+ ^1 " ^'x] = 
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[pqa ■ Sq]Sq + [pqa " R]R + [pqa " 4 >< >< ^ 

Pqa 
Sr. 



(iAf|5j + (-r+Vi-Af2^;)4 + 



+ (|iv|v/W-(^|)^ 



(_)«+! 1 _iV2 



= 5„ X 



Cl C3 



R- 



Pqa[Sq,a] S'l, (3] S^,-f;Pga, \N\]. 



(7.23) 
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The results of Appendix C of Ref. [0] give the analogous formulas for the relative momenta 



-. ~ p _|_ '^9'^ C p ~ " _L ^'^'^ Q 

= [Kqa ■ N]N + [tT,, ■ + [vT^a " iV X x]iV X X ^ 



[^qa ■ Sq]Sq + [vT^a ■ R]R + [tT^^ • X i?] X 



+ (vr,, ■ N)J{SqY - {S^y - [(vf,, . X + (vf,, ■ iV X x)] 



cl C3 
'-'q'-'q 



iSqy - (53)2 



+ [(TTqa ■ X) - (TTga " iV X x)] 



C2 C3 



-.R X 5„ 



7fga[Sg, a; Sq, P; S^, 7; |iV|, ^; Pga, Tlqa]- 



(7.24) 



Finally, the results in Appendix D allow to perform a sequence of a canonical transfor- 
mation to Euler angles a, f3, 7 with their conjugate momenta, followed by a transition to 
the anholonomic basis used in the orientation-shape bundle approach 



a 



P 7 



C c c3 C3 

— 'Jq 'Jq *Jg 



a /3 7 



Pa Pp P7 



non can. 



a = arctg 



(Sir + {siY + (^1)2 

PptgP 



Sq — Sq - 

Sg = —sin l3cos 'jSl + sin (3sin 76"^ + cos (3Sf 



ql 5 
<2 



9' 



Sr.- 



PaP7 



a /5 7 



cl C2 c3 
'^g '^g '-'g 
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See Appendix C of Ref. B for the expression of the body frame components of vf, 



qa- 
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13 = a + arctg 



ctg /3pa 



sin 13 



TT 

2' 



(7.25) 



Here Pa, p^, are the functions of a, /?, 7, Sg, given in Eqs.( P3|) . Eqs. (|D3| ), ( [7.25|) , (|7.22|) 

and Sg = Sg - N X X lead to the determination of the dynamical orientation variables a, (3, 7 
in terms of pga, TTga- Let us stress that, while in the orient at ion- shape bundle approach the 
orientation variables 6°" are gauge variables, the Euler angles a, (3, 7 are uniquely determined 
in terms of the original variables. 

In conclusion the complete transition to the anholonomic basis used in the static theory 
of the orientation-shape bundle is 



a /5 7 


\N\ 


Pqa 


c Q cS 63 

"Jg — 'Jq 'Jg 'Jq 




T^qa 



non can. 



a P 'J 


\N\ 


Pqa 


61 62 63 

Dg Dg Dg 




T^qa 



(7.26) 



with the 3 pairs of conjugate canonical dynamical shape variables: Pga-, TTga, \N\, ^. 
Eqs.d?:^, (JrM) , 0) and (^ imply 



Pga = '^''s{a,(3,^)p"gM, with 



qa \ 



pUq) = {-r^'pqa^ll-N\ pUq) = 0, pUi) = PialN 
and 

Sl = n\{aJ,^)S'^, 
so that the final visualization of our sequence of transformations is 



pqa 



IT, 



qa 



non can. 



a /? 7 


q^iPqa) 


61 62 63 

^7 


Pt,{pqa,T^qa) 



(7.27) 



(7.28) 



Note furthermore that we get Pg^ = pga ■ iV x % = by construction and this entails that 
using our dynamical body frame is equivalent to a convention {xxzz gauge) about the body 
frame of the type of xxz and similar gauges quoted in Ref . [|^ . 

Finally, we can give the expression of the Hamiltonian for the relative motions Q in terms 
of the anholonomic Darboux basis ( [7.25|) . By using Eqs. ( |E12|) and ( [E13| ) we get 
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The Hamiltonian in the basis ( 7.18| ) can be obtained with the following replacements Sg 



l{SgY - {S^gYcos-i and Sl 



{Sq? 
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H^rel) = M, 



sys 



1=1 



a,b=l 



3 r(7ii)^ , {l2if , 7h72 



+ 



+ 



1=1 



2Pgl '^Pg2 PqlPq2 



(Sir + 



+ 3 



+ 



(71.)' , (72.)' , lul2^i2N' - 1) 



+ 



2p^i 2p22 



+ 



PglPg2 

(7ii)' , (72i)' 7ii72i 



+ 3\/l-Ar2[e( 
3 



(7 



TT 



'ql T^q2 - 
Pg2 Pgl ■ 



St 



{luf (72.)' 



2 )^l^q + 



Pg2 



+ 6(71 



~2 ^ea-N^' 



4p^i 



+ 6(7 



'2i 



~2 , e{i-N' 



^,2 + 



4p^2 



+ 



+ 127i.72J(2iV2 - 1)^,1^,2 - |iV|(l - N')a^ + ^) + 

^ Pg2 Pgl 

^2(l-iV2)(2iV2-l)T^l/2 



+ 



4p9lPg2 



i=l 



(rel)i ) 



(7.29) 



where = {pqi,Pq2, \N\), Pfj, = (vr^i, '7rq2, the dynamical shape variables. 

By using the results of Appendix E, Eq(|E4|) , we can put the Hamiltonian in a form 
reminiscent of the non-relativistic orientation-shape bundle approach ^ 



E + %-'''\q)SlS^q + vr{q)iv, - ^Sq ■ ^(g)) (p. - §q ■ i(g)). (7.30) 



(reO — 7 ,J^{rel)i 
1=1 
3 



i=l 



A purely rotational (vertical) Hamiltonian is -f^(™/)^ 



{rel)\q=0 



(rel) 



P^ = Sq-C^(Sq,q)' 



46The N=3 non-relativistic Hamiltonian is Hrei = \ {i'^{q)Y'SlS'g+gt"'{q){p^- Sg-A^,{q)){pu 
Sq ■ Au{q)) , with the quantities A'^^{q), g^'^{q), i^~^^^{q) evaluated in Appendix E of Ref. [[ 
While the purely rotational Hamiltonian (defined by = implying = Sq ■ A^{q)) is H, 



^{q)^^^^^, the purely vibrational Hamiltonian H^^l'^ is defined in our approach by the 
requirement Cb^ 



(rot) 
rel 



rel 

0. Since Sq\ujB=Q ^ 0, unlike in the static orientation-shape bundle approach we 
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since under each square root there is a different gauge potential Ain{q) we get that under 
each square root there is the mass term plus a quadratic expression in the body spin but with 

— * —* —* 

coefficients depending on the shape variable and on Sq itself, since [p^ — 5'^ • «4j^(g)]|g=o = 
Sq ■ [Cfj,{Sq, q) - Aitj,{q)\. Therefore, we have 



{rot) _ Trirot) 
(rel) ~ ^(rel) 
N 



E V^? + + vr{q){Cl,{Sq, q) - Mm) {CtiSq, q) - AUq)) 



Or qs 
OqOq. 



(7.31) 



In the non-relativistic limit (where p^ — Sq- Afj,{q) with A^{q) the non-relativistic gauge 
potential) we get 



(s) 

{rel) 



N 1^1 

E ^ic' + o E — (lirric^oo \%~'"'{q) + 



1=1 



+ vr{q){c;{KQ)-AM)){<^tCs,^'i)-^u^^^^ 



j^m^c' + lx-'^%q)SlS^^ + 0(l/c), 



(7.32) 



so that the non-relativistic inverse tensor of inertia is recovered as 

TV 1 

X-^-(g) = /.me^oo(E-[^"'''^(5) +^r(5)(c;(5^.,g) -4.(5))(C^('5,,g) -^t(g 

fit'- 



i=l 



(7.33) 



These results together with 



(rel) — E 
i=l 



N 

^c— >oo ^ E 

^ i=l 



mi 



^1^1 + 



TJli 

= l{{i-\Q)rSlS^, + ~nq){p, - 'Sq ■ l,(g))(p. - K ■ X(g))). 

(7.34) 



imply that the non-relativistic gauge potential and metric are 

c— »oo 

C,j,{Sq,q), 



A purely vibrational Hamiltonian -f^(^eO ^^"^ defined by requiring the vanishing of the 
(now measurable) body frame components of the angular velocity uj'^ — These conditions 
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transform Eg. (|E9|) in equations for the determination of Sq\^s^Q: if we put their solution 

into Eq.iVm,weget Htt 

On the other hand, the orientation-shape bundle approach privileges the gauge choice 
S*^ = (special connection C quoted in Ref. 0) to define a purely vibrational (C- horizontal) 
Hamiltonian 

N 

^(feT)°^ = H(rel) 1^=0 = ^1 V^^f + ^^H^S^^ (7-36) 
'' i=l 

with the non-relativistic limit 

Hgt -c^oo E m.c^ + I E -^P.P^ + 0(1/0) = 
1=1 ^ i=\ 

N ^ 

= Y.^^o' + -~g^''{q)p,p, + 0{l/c). (7.37) 
i=i ^ 

However, we cannot use this definition because our canonical construction is valid only 
if ^ 0. 



C. N-Body Systems. 



Let us now consider the general case with > 4. Instead of coupling the centers of 
mass of particle clusters as it is done with Jacobi coordinates {center- of-mass clusters), 
the canonical spin bases will be obtained by coupling the spins of the 2-body subsystems 
{relative particles) Pga, Tiqa, a = 1, .., N — 1, defined in Eqs.( p.7|) , in all possible ways {spin 
clusters from the addition of angular momenta). Let us stress that we can build a spin 
basis with a pattern of spin clusters which is completely unrelated to a possible pre-existing 
center- of-mass clustering. 

Let us consider the case = 4 as a prototype of the general construction. We have 
now three relative variables Pgi, Pg2, Pqs and related momenta vfgi, 7fq2, T^gs- In the following 
formulas we use the convention that the subscripts a, b, c mean any permutation of 1, 2, 3. 

As in Ref. , we define the following sequence of canonical transformations (we assume 
Sg 7^ 0; SgA 0, A = a,b, c) corresponding to the spin clustering pattern aba i— > {ab)c ^— >■ 
{{ab)c) [build first the spin cluster {ab), then the spin cluster {{ab)c)]: 



{ab)c 



Pqa Pqb Pqc 
T^qa '^qb T^qc 



Ola f^a 


ab (3b 


Oic Pc 


Pqa Pqb Pqc 


^qa >Jqa 


Sgb Sgf, 


^qc tJqc 


T^qa T^qb "^qc 



0^(ab) P{ab) l{ab) 


ttc Pc 


— * 

\N{ab)\ Pqa Pqb Pqc 




Sq(ab) Sq{ab) ^q{ab) = Sg(^ah) ' N(^ab) 


C c3 
t-Jqc ^qc 


i(ab) T^qa T^qb qc 




Ol{{ab)c) P{(ab)c) l{{ab)c) 


=? 

\N{{ab)c) 


=J 

l(ab) \^{ab)\ Pqa Pqb Pqc 


Sq = Sg S^ S^ = Sq ■ -/V((ab)c) 


^(iab)c) Sq(^ab) ' ^(^ab) ^(afe) '^qa T^qb T^qc 
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(5/3 7 


— * 

I^((a6)c) 


— * 

7(afe) |A^(afe) 


Pqa Pqb Pqc 


Cl C2 C3 


^((afe)c) 


^(ab) = Sg(^ab) ■ N(^ab) ^{ab) 


T^qa T^qb T^qc 



(7.38) 

See Appendix F of Ref. |^ for the explicit construction of the canonical transformations. 

The first non-point canonical transformation is based on the existence of the three unit 
vectors Ra, A = a,b, c, and of three E(3) groups with fixed values {R\ = 1, 5*^ ■ Ra = 0) of 
their invariants. One uses Eqs.( |7.13| ), ( |7. 14| ) and ( [7.15| ). 

In the next canonical transformation the spins of the relative particles a and b are coupled 
to form the spin cluster (ah), leaving the relative particle c as a spectator. We use the 



definitions N(ab) = ^{Ra + Rb 
We get N^ab) ■ X(ab) = 0, {iV^^, 



X{ab) 



^{R-a — Rb), S(^ab) 
} = {Nl,b),Xtab)} 



(ab) 5 ^{ab) 



Soa + Sab, 



qa I >-'qb) 
{X(a6)) X(a6)} 



q{ab) Sqf,. 

and a new E(3) 

def, 



reahzation generated by S(^ab) and N(^ab), with non-fixed invariants |-/V(a6)|, S(^ab) -Nf^ab) 



n 



From Eqs. (|7.23|) we get 



(ab)- 



Pqa Pqa 



\N(ab)\N(ab) + ^1 - A^(ab)X(ab) 



Pqb — Pqb 
Pqc PqcRi 



N(ab)\N(ab) - \l^-Nlb)X{ab) 



(7.39) 



Eq.( [7.19| ) defines a(^ab) and I3(^ab)i so that Eq. ( [7.20| ) defines a unit vector R{ab) with S(abyR{ab) = 
0' {-^(afe)' -^(afe)} ~ 0- '^^is ^'^i^ vector identifies the spin cluster [ah] in the same way as the 
unit vectors Ra = PqA identify the relative particles A. 

The next step is the coupling of the spin cluster (ab) with unit vector R(^ab) [described 
by the canonical variables Q^(a6), S(^ab), P{ab) Sfab)] with the relative particle c with unit vector 
Rc and described by a, 
allows to define N(^(^ab)c) 



'■CI •S'gC) I3c) 



qc, He, S^^: this builds the spin cluster ((a6)c). Again Eq.( [7.16D 

|(-R{afe) + Rc), X((afe)c) = |(-R{afe) " R-c) , Sq = Sq(^(^ab)c) = Sq(^ab) + 



^qc, "'q{iab)c) = Sq(^ab) " Sqc- SluCe WC haVC iV{(a6)c) " X{{ab)c) = aud {A^[(„b 

{^kab)c)^ Xl(ab)c)} = {xl(ab)c)^Xaab)c)} = ^uc to R^} = 0, a ucw E(3) group generated 

by Sq an d iV((afe)c) with non-fixed invariants |A^((ab)c)|, Sq ■ iV((a6)c) = S^\N(iab)c)\ emerges. 
Eq.( |7.19|) defines ct((afe)c) and P((ab)c), so that Eq.( |7.20|) allows to identify a final unit vector 



s 



'((ab)c)' ^({ab)c)} 



R 



aab)c) 



with S„ ■ R 



{(ab)c) 



and {R 



((ah)c) 



R{iab)c)} 



0. 



In conclusion, when Sq ^ 0, we find both a dynamical body frame X({ab)c), A''({a6)c) xX({afe)c), 



{{ab)c), 



and a spin frame Sq, R 



q, ^{{ab)c), R{(ab)c) 



X Sq like in the 3-body case. There is an 
important difference, however: the orthonormal vectors N({ab)c) and X({afe)c) depend on the 
momenta of the relative particles a and b through R(ab) , so that our results do not share any 
relation with the N=4 non-trivial SO (3) principal bundle of the orientation-shape bundle 
approach. 

The final 6 dynamical shape variables are = {\N^(^ab)c)\,1{ab), \N(ab)\, Pqa, Pqb, Pqc}- While 
the last four depend only on the original relative coordinates pqA, A = a,b,c, the first two 
depend also on the original momenta TTqA'- therefore they are generalized shape variables. By 
using Appendix D, we obtain 
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r 

PqA 



7^"(a,/3,7)p^A(9^PM,^, 



A = a,b, c, 



(7.40) 



This means that for N=4 the dynamical body frame components depend also on the 
dynamical shape momenta and on the dynamical body frame components of the spin. It is 
clear that this result stands outside the orientation-shape bundle approach completely. 

As shown in Appendix F of Ref. 0, starting from the Hamiltonian Hrei{(ab)c) in the final 
variables, we can define a rotational Hamiltonian H^^^^(^ab)c) (^^^ ~ ^i Eqs.(F18) of Ref. 
0) and a vibrational Hamiltonian -f^re/('(a6)c) (vanishing of the physical dynamical angular 
velocity ^\(^ah)c) — 0; Eqs.(F21) of Ref. 0), but Hrei{{ab)c) is not the sum of these two 
Hamiltonians. In the rotational Hamiltonian and in the spin-angular velocity relation we 
find two inertia-like tensors depending only on the dynamical shape variables. 

The price to be paid for the existence of 3 global dynamical body frames for N=4 is a 
more complicated form of the Hamiltonian kinetic energy. On the other hand, dynamical 
vibrations and dynamical angular velocity are measurable quantities in each dynamical body 
frame. 

For N=5 we can repeat the previous construction either with the sequence of spin clus- 
terings abed I— *• {ab)cd t— > {{ab)c)d) t-^ {{{ab)c)d) or with the sequence abed {ab){cd) i— *• 
{{ab){cd)) [a, b, c, d any permutation of 1,2,3,4] as said in the Introduction. Each spin cluster 
(...) will be identified by the unit vector R(...), axis of the spin frame of the cluster. All the 
final dynamical body frames built with this construction will have their axes depending on 
both the original configurations and momenta. 

This construction is trivially generalized to any N: we have only to classify all the possible 
spin clustering patterns. 

Therefore, for N > 4 our sequence of canonical and non-canonical transformations leads 
to the following result to be compared with Eq.( [r.25| ) of the 3-body case 



PqA 



T^qA 



non can. 



a (3 '-y 


q^{PqA,T^qA) 


Ql q2 c3 


Pf^ipqA,T^qA) 



(7.41) 



This state of affairs suggests that for > 4 and with Sg ^ 0, SgA ^ 0, A = a,b, c, viz. 
when the standard (3N-3)-dimensional orient at ion- shape bundle is not trivial, the original 
(6N-6)-dimensional relative phase space admits the definition of as many dynamical body 
frames as spin canonical bases Q which are globally defined (apart isolated coordinate 
singularities) for the non-singular N-body configurations with Sq (and with non-zero 
spin for each spin sub cluster). 

These dynamical body frames do not correspond to local cross sections of the static non- 
trivial orientation-shape SO (3) principal bundle and the spin canonical bases do not coincide 
with the canonical bases associated with the static theory. Therefore, we do not get gauge 
potentials and all the other quantities evaluated in Appendix E for N=3. 



^^Recall that a different Hamiltonian right S0(3) action on the relative phase space corresponds 
to each of them. 
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VIII. THE CASE OF INTERACTING PARTICLES. 



As shown in Ref. |]2^ and in its bibliography, the act ion- at- a- distance interactions in- 
side the Wigner hyperplane may be introduced either under the square roots (scalar and 
vector potentials) or outside (scalar potential like the Coulomb one) appearing in the free 
Hamiltonian {^J^ or ([OD . 

In the rest-frame instant form the most general Hamiltonian with only action-at-a- 
distance interactions is 



N 



H = J2^rnf + U, + [h - Vi\^ + V, (8.1) 



i=l 



with U = U{Kk,f]h - ffk), Vi = Vi{kj^i,f]i - fjj^i), V = Vo{\f]i - f]j\) + V'{ki,f]i - fjj] 
In the rest frame the Hamiltonian for the relative motion becomes 



N 



H(rel) - 51 \ 
i=l \ 



N-l 

mj + U,+ [^Y. 7aiV?,a - V,f + V, (8.2) 



with 



N-l ^ N-l 



Ui = U{[^/n lakT^qa, -J= {lah " lak)p, 



N-l ^ N-l 



a=l VN ^ ' ' 



]^ 7V-1 ^ N-l N-l 

V = Vo{\^= Y (7« - laj)Pqa\) + V {[y/^ ^ lai^qa. -J= Y (^ai " laj)Pqa). (8.3) 

viV „=i „_i ViV 



a=l a=l V-'' a=l 

The prices for the existence of 3 possible global dynamical body frames for N=4 are: 

i) a more complicated form of the Hamiltonian kinetic energy but with a definition of 
measurable dynamical vibrations and dynamical angular velocity in each dynamical body 
frame; 

ii) the fact that a potential V{f]ij ■ fjhk)) with ffij = fji — fJj becomes dependent also on 
the shape momenta, since we have 

^ l,--,N-l 

ViVij -Vkk) = V[— J2 i^ai-'i^aj)(rbh-'i^bk)pqa- Pqb]- (8.4) 

a,b 

For N=4, due to Eg. (|E6D , in the pattern {{ab)c) we have 

V = V({ab)c)[Pqa, Pqb, Pqc, \N((ab)c)\ , l{ab) , \N(ab)\; ^{{ab)c) , ^{ab)] Sg]. (8.5) 

For more general potentials V{f]ij ■ rfhk, ■ fjhk, ■ i^j), like the non-relativistic limit of 
the relativistic Darwin potential of Ref. [EOl, more complicated expressions are obtained. 
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IX. CONCLUSIONS. 



In this paper we have explored the relativistic kinematics of a system of N scalar positive- 
energy particles. In the framework of the rest-frame instant form of dynamics it is possible 
to find the relativistic extension of the Abelian translational and non-Abelian rotational 
symmetries whose associated Noether constants of motion are fundamental for the study 
of isolated systems. In the relativistic case the rest-frame description on the Wigner hy- 
perplanes allows to clarify all the problems by virtue of a doubling of all the concepts: 
they can be either external (namely observed by an arbitrary inertial Lorentz frame) or 
internal (namely observed by an inertial observer at rest inside the Wigner hyperplane). 
Correspondingly two realizations of the Poincare algebra are naturally defined. 

After a clarification of the possible external and mterna/ definitions of relativistic center of 
mass, we have shown that it is possible to define a family of canonical transformations for the 
definition of canonical relative variables. The Hamiltonian in the rest frame can be expressed 
in terms of these variables. It turns out that, due to the presence of the square roots in 
the Hamiltonian, the non-relativistic concepts of Jacobi normal relative coordinates, reduced 
masses and barycentric tensor of inertia cannot be extended to the relativistic formulation. 

On the other hand, the rest-frame description with the Wigner hyperplanes allows to use 
the non-relativistic formalism developed in Ref. for the study of the rotational kinematics, 
since it it is independent of Jacobi coordinates. Therefore, we can extend the concepts of 
canonical spin bases, spin frames and dynamical body frames to the relativistic level and we 
find again that, due to the non-Abelian nature of rotations, a global separation of rotations 
from vibrations is not possible. 

In a future paper EH] we will conclude the study of relativistic kinematics by defining 



Dixon's multipoles for the relativistic N-body problem in the rest-frame instant form of 
dynamics. It will be shown that, in this framework, we can recover concepts like the tensor 
of inertia by using the quadrupole moment. 

The final task should be the extension of all these results to relativistic extended (con- 
tinua) isolated systems. 
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APPENDIX A: PARAMETRIZED MINKOWSKI THEORIES. 



In this Appendix we review the main aspects of parametrized Minkowski theories and 
of the canonical reduction of gauge systems, following Refs. |]7|, p0| , |29[| , where a complete 
treatment of N scalar charged positive energy particles plus the electromagnetic field is 
given. 

The starting point was Dirac's [^] reformulation of classical field theory on spacelike 
hypersurfaces foliating Minkowski spacetime M'^. The foliation is defined by an embedding 
R X Tj ^ M^, (r, a) ^ z^{T,a), with E an abstract 3-surface diffeomorphic to B? In this 
way one gets a parametrized field theory with a covariant 3+1 splitting of fiat spacetime, 
which is already in a form suited to the transition to general relativity in its ADM canonical 
formulation. 

The price to be paid is that one has to add the embeddings z^^{t, a) identifying the points 
of the spacelike hypersurface ^ as new configuration variables and then to redefine the 
fields on in such a way they know the whole hypersurface of r-simultaneity 0. 

Then one rewrites the Lagrangian of the given isolated system in the form required by the 
coupling to an external gravitational field, makes the 3+1 splitting of Minkowski spacetime 
and replaces all the fields of the system by the new fields on 0. Instead of considering 
the 4-metric as describing a gravitational field here one replaces the 4-metric with the 
induced metric (^abI-^^] = ^AVfj.uZ'^ on S^, a functional of z^, and considers the embedding 
coordinates z'^{t,(t) as independent fields. We use the notation = (r, cr^) of Refs. |7|,pn 



The z'^{a) = dz^{a)/da^ are flat cotetrad fields on Minkowski spacetime with the z^'s 
tang ent to 

The evolution vector is given by z!^ = N]^z]{fiat)l^ + N^z\{fiat)'^f ^ where 1^{t, a) is the normal 
to in z^{t, a) and 



N[,](fiat)f{r, a) = ^gfs{r, a)A^J](/;„t)(r, a) = Vr, (Al) 



^^The only ones carrying Lorentz indices; the scalar parameter r labels the leaves of the foliation 
and a are curvilinear coordinates on E^. 

^^For a Klein-Gordon field 4'{x), this new field is (^(r, cj) = (/){z{t,(7)): it contains the nonlocal 
information about the embedding and the associated notion of equal time. 

^^These are Lorentz scalars, having only surface indices. 

^^Namely as an independent field like in metric gravity, where one adds the Hilbert action to the 
action for the matter fields. 

52l.e. ^r]t"' = z^^g^^ with ^c/^^ the inverse of ^qab- 

^^Note that in metric gravity the 7^ dz'^ /da^ are not cotetrad fields since no holonomic 
coordinates z^{a) exist. 
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are the flat lapse and shift functions defined through the metric like in metric gravity (here 
3^ru4^_ _ ^r^. j^Qwever, in Minkowski spacetime they are functionals of ^''(r, a) instead of 
being independent variables. See Appendix B for notations on spacelike hypersurfaces. 

From this Lagrangian for the isolated system we have that: i) the possible constraints 
of the system are Lorentz scalars; ii) four primary first class constraints are added which 
imply the independence of the description from the choice of the foliation with spacelike 
hypersufaces: 

^) = ^) - ^)TIystem{'r, ^) - Zff,{T, a)T^^^t^^{T, a) ^ 0. (A2) 

Here T^y^^^^^r, a), TJyg^^^^r, a), are the components of the energy- momentum tensor in the 
holonomic coordinate system on corresponding to the energy- and momentum-density of 
the isolated system. These four constraints satisfy an Abelian Poisson algebra being solved in 
4-momenta p^(r, a) conjugate to the embedding variables z^{t, a): {Hf^{r, a), 7ii,(r, (? )} = 
0. 

We see that the embedding fields z^{t,(t) are the gauge variables associated with this 
kind of general covariance. 
The Dirac Hamiltonian is 

Hd = if(c) + J d^a\^{T, a)'H^{T, a) + {system- dependent primary constraints), (A3) 

with A^(r, a) arbitrary Dirac multipliers 0. By using ^r/^'^ = [/^/'^ — Zf ^g^'^Zg]{T, a) we can 
write 

x,iT,a)n''iT,a) = [{x^niLnn - {\,z'^)Cg''z,,nn]iT,a)=^ 

= N^fiat){r, a){l^nn{r, a) - N^fiat)r{r, a){^g''z,.nn{r, a), (A4) 

with the (non-holonomic form of the) constraints 7Y(r, a) = {l^l-i^^){T,a) ~ 0, Tifij^a) = 
{zffjH'^){T,a) ~ 0, satisfying the universal Dirac algebra 

{nr{T,a),ns{T,a )| = nr{r,a) — hns{T,a)- 



{n{T, a),nr{T, a')}=niT,a 



da' ' ' ' da' 

d5\a,a) 



da-" 

3 „rs I 



{H{t, a),n{r, a)} = [^/^(r, a)K(r, a) + 



+ V^(r,a')K(r,a')]^^^. (A5) 



In this way we have defined new fiat lapse and shift functions 



54 c 



See for instance Eq.( |2.3D for the case of N free scalar particles. 

^^-ff((,) is the canonical part: it is either zero or weakly vanishing due to system-dependent sec- 
ondary constraints. 
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N(fiat)fiT, a) = A^(r, a)z'i^{T, a). 



(A6) 



which have the same content of the arbitrary Dirac multiphers A^(r, a), namely they multiply 
primary first class constraints satisfying the Dirac algebra. In Minkowski spacetime they are 
quite distinct from the previous lapse and shift functions Niz]{fiat), N[z\(jiat)f, defined starting 
from the metric. Only by using the Hamilton equations z^{t, a) = {z'^It, a), Hj:,} = X^{t, a) 
we get iV[^](//at)(r, a) = N(^fiat){T, a), N[^](fiat)fi'T', a) = N^fiat)f{r, a). 

Therefore, when we consider arbitrary 3+1 splittings of spacetime with arbitrary space- 
like hyper surf aces, the descriptions of metric gravity plus matter and the parametrized 
Minkowski description of the same matter do not seem to follow the same pattern. The 
situation changes however if the allowed 3+1 splittings of spacetime in ADM metric gravity 
are restricted to have the leaves approaching Minkowski spacelike hyperplanes at spatial 
infinity and if parametrized Minkowski theories are restricted to spacelike hyperplanes. 

The restriction of parametrized Minkowski theories to flat hyperplanes in Minkowski 
spacetime is done by adding the gauge-fixings 

z'^(r,a) -x^(r) -6^(r)(T' ^ 0. (A7) 

Here x^{t) denotes a point on the hyperplane S,- chosen as an arbitrary origin; the 6^(r)'s 
form an orthonormal triad at a;^(r) and the r-independent normal to the family of spacelike 
hyperplanes is l^^ = = e'^ai3'ybi{T)b'^{T)bJ{T). Each hyperplane is described by 10 config- 
uration variables, x^(r) and the 6 independent degrees of freedom contained in the triad 
bf{T), and by the 10 conjugate momenta: and 6 variables hidden in a spin tensor S^'^ 
0. With these 20 canonical variables it is possible to build 10 Poincare generators p'^ = p^. 

After the restriction to spacelike hyperplanes, the piece / d^crX^^^r, cr)T-Cfj,{T, a) of the Dirac 
Hamiltonian is reduced to 

A'^(r)7Y,(r) - l^'^ [r)n,.[r), (A8) 

because the time constancy of the gauge- fixings z^^{t, a) — x^ij) — bf{T)a'^ ^ implies 
( ' means d/dr) 



-Y.m~bm]ir). (A9) 
^ f 

Since at this stage we have z^f (r, a) ^ b^^r), we get 

^ x^(r) + 6^(r)a^ = -A^(r) - A'^'^(r)6,v(r)a'. (AlO) 

Only now we get the coincidence of the two definitions of fiat lapse and shift functions 
independently from the equations of motion, i.e. 



A^(r, a) = A^(r) + X^u{r)bfa'', 
with 

A^(r) = -x^(r), X^'^ir) = -^^(r) = 
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N[z]{flat){r, N(^flat){r, Ni^]{flat)f{'^, ~ N(^flat)f{'^, (All) 

The description on arbitrary foliations witli spacelike liyperplanes is independent from 
the choice of the fohation, due to the remaining 10 first class constraints 

n^ir) = I d'aU^ir, a) ^ p^, - = - 

— \total momentum of the system inside the hyper planeY ~ 0, 

7Y'^-(r) = h'iir) j d^aa^H^ir, a) - 6^(t) j d^aa'Wir, a) = - Si^^, = 

= 5'^'' — [intrinsic angular momentum of the system 
inside the hyper planeY^ — S^" — 

— {hf{T)r — bf{T)F)[boost part of system' s angular momentumY^ — 

— (6^(t)6^(t) — bf{T)bg{T))[spinpart of system's angular momentumY^ ~ 0. 

(A12) 

Therefore, on spacelike hyperplanes in Minkowski spacetime we have 
N(fiat) (t, a) = A^(r, CT)P(r, a) ^ 

= -\,{t)F - F\,{T)b'i{T)a- 

N(fiat)f{r,a) = \{T,a)z^{T,a) ^ 

^ N^fiat){T, a) = N[^](fiat)f{r, a) = 

= -X.irmr) - 6^(r)A(^)(.)(T)6,^(T)a^ = -A,(r) - ^A,,(r)a^ 

XA{r) = ~X,{Tmr), A,(r) = 6;!(r)A^(r), 
Aab(t) = V(^)[&>B - = 2[V6>^](r), 

= ^[WA^^](r). (A13) 

This is the main difference of the present approach from the treatment of parametrized 
Minkowski theories given in standard references: there, no configuration action is defined but 
only a phase space action, in which people use, wrongly, A^[2](/zat)i N[z]{fiat)f instead of N(^fiat), 
N{fiat)f not only on spacelike hyperplanes but also on arbitrary spacelike hyp ersurf aces. 

At this stage the embedding canonical variables z'^{t, a), p^{t, a) are reduced to: 

i) x'^{t),p'^ with {x'^,p'^} = —^r)^''^ parametrizing the arbitrary origin of the coordinates 
on the family of spacelike hyperplanes. The four constraints H'^(r) fti — ft! mean 
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that is determined by the 4-momentum of the isolated system. 

ii) 6^4(1") and S^" = —S^^, with the orthonormahty constraints h^A^rj^j^W^ = '^tjab- The 
non- vanishing Dirac brackets enforcing the orthonormahty constraints p7|,[7| for the 6^'s are 



Sf} = C^r^S2\ (A14) 

with C^'^°'^ the structure constants of the Lorentz algebra. 

Then one has that p^, J^" = x^p^ — x^p^ + S^", satisfy the algebra of the Poincare 
group, with S^'^ playing the role of the spin tensor. The other six constraints H.'^'^^t) ^ 
S^'^ — S'^yg ~ mean that S'^^ coincides with the spin tensor of the isolated system. 

For the velocity of the origin x^(r) we get 

i's{r) = {x^{r),Hn} = A.(r){x^(r), 7^^(r)} = 

= -A^(r) = [u'^{ps)u''{ps) - e'f{u{ps))e^MPsms.{T) = 

xI{t) = \\r) - \\r) > 0, Xs- u{p,) = -A(r), 
i^{r) -A(r)M^(p,) + Xr{T)eff{u{ps)) 



= <(0) - W^iPs) rdnXin) + e^^Hps)) I dnXrin). (A15) 







Let us remark that, for each configuration of an isolated system with timelike total 4- 
momentum there is a privileged family of hyperplanes (the Wigner hyperplanes orthogonal 
top^, existing when ep"^ > 0) corresponding to the intrinsic rest-frame of the isolated system. 
If we choose these hyperplanes with suitable gauge fixings for the constraints T-C'^'^{t) ^ 
1^, we are left with the four constraints l-i^{T) ^ 0, which can be rewritten as 

^'^ [invariant mass of the isolated system under investigation] = Mgys] 

Psys = [3 — momentum of the isolated system inside the Wigner hyper plane] ~ 0, 

Hd = H{^c) + A^(T)?i^(r) + {system — dependent primary constraints) = 
= i^(c) + A(r)[e, - Msys] - A(r) ■ p^ys + 

+ {system — dependent primary constraints). (A16) 

There is no more a restriction on p^, because u^{ps) = P^/ \J^p1 gives the orientation of 
the Wigner hyperplanes containing the isolated system, with respect to an arbitrary given 
external observer. 



^^With the 6^(t)'s being three orthogonal spacelike unit vectors generating the fixed r- independent 
timelike unit normal btj: = l'^ to the hyperplanes. 
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In this special gauge, after having gone to Dirac brackets we have = L^a{PsiPs) 
(the standard Wigner boost for timehke Poincare orbits), S'^^ = Sj^y^, XpLvij) = 0. The 
origin x^(r) does not belong any more to the canonical basis for these Dirac brackets and 
is replaced by the non-covariant canonical variable ^ x'^ij) = x^ij) — ^ ^-^i^^ PsuSg^ + 

In general, we have the problem that in the gauges where A^i,(r) or A^B(r) are different 
from zero, the foliations with leaves S,- associated to arbitrary 3+1 splittings of Minkowski 
spacetime are geometrically ill-defined at spatial infinity so that the variational principle 
describing the isolated system could make sense only for those 3+1 splittings having these 
part of the Dirac's multipliers vanishing. The problem is that, since on hyperplanes l'^ = 
and l^bf^ir) = imply I'^bffj.ir) = 0, Eqs.( |A10| ) implies XTfir) = (i.e. only three 
A^!/(t) are independent) on spacelike hyperplane, because otherwise Lorentz boosts could 
generate crossing of the foliation leaves. To avoid incosistencies this suggests to make the 
reduction from arbitrary spacelike hypersurfaces either directly to the Wigner hyperplanes 
or to spacelike hypersurfaces approaching Wigner hyperplanes asymptotically Q. 

Till now, therefore, the 3+1 splittings of Minkowski spacetime whose leaves are Wigner 
hyperplanes are the only ones for which the foliation is well defined at spatial infinity: both 
the induced proper time interval and shift functions are finite there. 

One obtains in this way a new kind of instant form of the dynamics, the Wigner- covariant 
1-time rest-frame instant form |l7|,|29[|. For any isolated system all the variables become 



Wigner covariant except for the external canonical center of mass x^, which looses even 
Lorentz covariance. This does not matter, however, since it is a completely decoupled 
variable. This is the special relativistic generalization of the non-relativistic separation of 
the center of mass from the relative motion [H = + Hrei]- The role of the center of mass 
is taken by the Wigner hyperplane, identified by a point x^{t) and its normal p^. 



^^Asymptotically, we must fix the gauge freedom generated by the spin part of Lorentz boosts, 
see Eg. (|A9|) ; how this can be done before the restriction to spacelike hyperplanes has still to be 
studied. 
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APPENDIX B: NOTATIONS ON SPACELIKE HYPERSURFACES. 



Let us first review some preliminary results from Refs. ||^ needed in the description of 
physical systems on spacelike hyper surf aces. 

Let {S^} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space- 
time M'^ with 4-metric 77^,^ = e(H ), e = ± Q and giving a 3+1 decomposition of it. At 

fixed T, let z^{t, a) be the coordinates of the points on in M^, {a} a system of coordinates 
on E^. If = (cr^ = T;a = {<J^}) and = d/da^, one can define the cotetrads 

4(r, a) = dAZ^ir, a), - = 0, (Bl) 

so that the metric on S,- is 

^) = 4(^' ^)^M!-4(^' (^grrir, a) > 0, 

g(T, a) = -det 1 1 gABir, a)\\ = {det \ \ z\{t, a) \ |)^ 

7(r,a) = -det\\gfs{T,a) \ \ = det\\^gfs{T, a)\\, (B2) 

where gfs = — e^S'rs with ^gfs having positive signature (+ + +). 

If 7'"'*(r, a) = —e^g"^^ is the inverse of the 3-metric gfsiji ^) [7™(''"j (f)gusij^ (^) = ^1], the 
inverse g^^{T, a) of gAsiT^ ^) o')^cfe(^> ^) = (^s] is given by 



g'^{r,a) 



/---(r, a) = Y'{t, a) + [lg,^g,,^^'^'']{T, a) = 

-e^g'\T,a) + [^gr^g,,^guf^g'%T,a), (B3) 



g 

so that 1 = g'^'"{T, a)gQ^{T, a) is equivalent to 

g{r, ff) 



7(r, a) 

We have 



5(^^(r, a) - Y'iT, ff)gTfir, ^)grsir, a). (B4) 



^) = d-l" + 9r,Y'z^){T, a), (B5) 
V 7 



and 



58^ 



-1 is the particle physics convention; e = — 1 the general relativity one. 



^^The notation A = (r, f) with f = 1, 2, 3 will be used; note that A = t and A = f = 1,2,3 are 
Lorentz-scalar indices. 
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= (Pr + z,V^z,^)(r,a), (B6) 

where 

P(r,a) = (^e%,z^f4)(r,a), 

/2(r,a) = l, /^(r,a)z,^(r,a) = 0, (B7) 

is the unit (future pointing) normal to at z^{t, a). 

For the volume element in Minkowski spacetime we have 

d^z = z^(t, a)dT<f'L^ = dT[z^{T, a)l^{T, a)]y^7(r, = 

g{T, a)dTd^a. (B8) 



Let us remark that, according to the geometric approach of Ref. [Q,one can write 

z^^{t, a) = iV(r, a)F{T, a) + N'{t, a)^^^, (B9) 
where N = ^fgj^ = Qrr - Y^grfgrs = V9tt + e^g^^grrgrs and = grsY^ = -egrs ^9^^ 

are the standard lapse and shift functions N^z\(fiat)) ^[z]{fiat) '^^ Appendix A, so that 

g,, = eN^ + grsN'N' = e[N^ - ^grsN'N'], 
Qtv = gfsN' = -e'^gfsN\ 
9^^ = tN-\ 
g^f = -eN'/N^, 



d _ _d_ d _ _d 3 sf 9 



d'^z = N^drd^a. (BIO) 

o 

The rest frame form of a timelike four-vector is P ^ = r]^/efr{l■,0) = 7]^°7]^/ep^^ 
P = p , where r] = signp°. The standard Wigner boost transforming P ^ into p^ is 



L''Ap,P)=e^Mp)) 



M , 9^ _ (P^+P ){Pu+Pu) _ 
Vu ' 2 ° ~ 

ep p. p +gp2 

+ 2."(p),.„(?) - ""iPmuM + MP)) 



1 + u°{p) 



,2 



z/ = e(^(u(p)) = u'^(p) = p'^/r]\Jep 

^ = r 6tf(n(p)) = (-«.(p);5;-^fM^). (Bll) 

1 + u°[p) 
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u u 

The inverse of L^y{p,p) is L^y{p,p)^ the standard boost to the rest frame, defined by 

L^(P,p) = = (B12) 

Therefore, we can define the following cotetrads and tetrads Q 

e'X{u{p)) = L^A{v,h, 

eMp)) = L\iP,p) = V^%.eUuip)), 

= Vf^i^^oHp)) = u^{p), 
efiu{p)) = UA{p), (B13) 

which satisfy 

eiHp)yAHp)) = v'u, 



eMp)yBHp)) = 



= e^AHp))v^''eUu{p)) = u'^{p)u^{p) - ^ e^{u{p))e';{u{p)), 



r=l 



Vab = e^(M(p))r/^^e^(n(p)), 

^"^'^^''^^^^ = ^"^'^ ^""^^^^ = °- ^^^^^ 
The Wigner rotation corresponding to the Lorentz transformation A is 

R^,{A,p) = [L{P,p)A-'L{Ap,P)fu ° ^ 

i?^(A,p) = (A-%- 



R',{A,p) 



(A-y^p.iA-y, 



Pp{A-^)Po + r/Ver 

[(A-r.- -:.!:-^^^^^^ . (bi5) 



r.^-l.o . _ ((A-^)",-l)p^(A-^ ^^ 



The polarization vectors transform under the Poincare transformations (a. A) in the 
following way 

6^f(n(Ap)) = (i?-^)/A^er(n(p)). (B16) 



^*^The e^(ti(p))'s are also called polarization vectors; the indices r, s will be used for A=l,2,3 and 
o for A = o. 
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APPENDIX C: THE GARTENHAUS-SCHWARTZ TRANSFORMATION FOR 

SPINNING PARTICLES. 



In Ref. there is the rest-frame instant form description of a system of N spinning 
positive-energy particles with the intrinsic spin described by Grassmann variables. 

On the Wigner hyperplane the N spinning particles are described by a canonical basis 
containing the center-of-mass variables x^, p^, the pairs fji, Kj, i = 1, ..,N, of Eq. (|2.16|) and 
three Grassmann variables for each spin, ^[ = e'^^{u{ps))C,i |^ satisfying {^[, == —i6^^6ij 
and having vanishing Poisson bracket with all the other variables. 

The rest-frame external realization of the Poincare algebra is built in analogy to Eq. ( p.l4|) 
but with a modified spin tensor S!!'^ 

^ N 

1=1 

_ n _ _ _ 

QT ruv(:u^:v r or qs \ sr rsu qu ^T^I "\ 



In absence of interactions Eqs. (|2.71 ), ( p.8|) , (|2.16 ) remain valid 



By using the expression of 5'^'' on the Wigner hyperplane given in Ref. and the 



methodology of Ref. p4| , the internal realization ( p.l5| ) of the Poincare algebra becomes 



N , N 



Hm = Msys = ^ \l + k1 = ^ Hi, Hi = ^Jmf + k 



?2 

1 



N 

K+ = Y,f^i (~o), 

i=l 

_^ ^ N ^ ^ ^ _^ ^ ^ 

J = Ss=Yl ijli X + ^i^) = Jb + Js, Js = Y1 ^i^^ 

i=l i=l 

K = -Y^n-,H, + Y.^^^^ = KB + K,, Ks = -Y.V^H^. (C2) 

i=l i=l + i=l 

Following Ref. if we put 



Sq X 



4 = J- q+ X (C3) 

we get consistently the expression of the internal canonical center of mass qj^ given in 
Eq.([4.4D, with Sq the associated spin vector. 

As in Section VI, let us apply the Gartenhaus-Schwartz transformation to go from the 
internal canonical basis (with k+ ^ 0) to the center-of-mass basis g+, k+, pqa, Tiqa, 

^qi (again with /5+ ^ 0) with Si^ ^ Sqi^. By using Eqs.( |5.1| ) and ( |5.4|) with K = Kb + Ks of 
Eq.( |C^) , we can find the differential equations for the a-dependence of the various quantities. 

Since {tTq, Ks} = 0, nqa = lima^oc ^^aict) is the same as in the spinless case; the vfga's are 
given in Eqs.( ^.l^ ). As in the spinless case 11 is an invariant and we have a/iT = ifAf(oo) = 
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H(rei) = Y.iLiHi{oo) with Hi{oo) = [HmHi — /?+ ■ Ki)/\/li. Moreover, r?+ = is 
invariant. 

For the spin variables Si^ we get 

{Si^{,a),q+[a)- K+[a)} = { — — , J = 



da 



HM{a) 



dSi^{a) _ {n+ X x Si^{a) 

d9{a) rrii + Hi{a) 



(C4) 



This equation coincides with Eq.(3.10) of Ref. ||35|. By using Eq.(3.11) of Ref. H, its 
integration provides Thomas precession of the spin variable Si^ about an axis x n+ in the 



instantaneous center-of-mass frame p9| : 

Si^{a) = cos'y{a)Si^ + [1 - cos 7(a)] (t/j ■ Si^)vi - sin'y{a)vi x Si^, 



tg 



Vi = —r, 

\Ki X n+l 
7(a) 1 — cos 7(a) 



X n+l 



sin 7(a) {mi + Hi)ctgh 



e{a) 



I Kij^ X ^-(- 1 



{mi + Hi){HM + VTl) 



0, [tg 



7(00) i^M + x/n. 



sm7(a) = 2- 



(mj + Hi)ctgh — ■ n_|_ 



X n+p + [(mj + Hi)ctgh — ■ n 



\K,i X 72+ I 



COS 7(0;) = 1 — 2- 



\Ki X n+p 



\K,i X n_|_p + [(rrij + Hi)ctgh -y^ — Ki ■ 
Therefore, we obtain 

\Ki X K+P 



1 - 



+ 



m, + if,)(m, + Hi{oo)){HM + Vn)Vn 



K + + h,{oo)){Hm + vn)vn 
(mi + -ffi)(-f/'M + \/n) - ■ ^+ 



, :(K,iX K+) X 5'jf ~ Sif. 

im, + H,){m, + H,{oo)){HM + VnWU^ ^ ^ 

For the Grassmann variables we get the same differential equation 



-{4 ■«+(")}- 



da 



HM{a){mi + Hi{a)) 



(C5) 



(C6) 
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de{a) 

— * — * 



rrii + HA a) 



I Kiri X AV-j- I 



{nii + H,){mi + Hi{oo)){HM + VTl)VTl 



6 + 



[mi + Hi){m, + Hi{oo)){HM + 

{rrii + Hi){HM + V^) - ■ /?+ 



m, 



(C7) 



Let us remark that, now, as one can easily check, besides the invariants I^^^ and J'-^-* of 
Eqs. ( |5.14| ) of the spinless case (we have J'-^'' = I^'^ + ij?^ since K = Kb + -^5) there are 
also the following invariants 



r{3) 



(Ki X n+) ■ Si^, 



j{2) _ t(2) , r{2) J 



(2) 



N r(3) 



E 



Hm j=i rrii + Hi 



(C8) 



Let us now consider the position vectors. Like in the spinless case the preliminary 
calculations for Eq.( ^.19| ), now give 



a 

da * HA a) da H^ia) da 



1 dHAa) 



I 



(3) 



Hi{a) da {rrii + Hi{a)y 
These equations have the solution 



(C9) 



H 



n+ ■ r]i[a) 



Hi{a 
r{3) 



-n+ ■ rji 



/{2) 



H 



H^{a) 



) + 



+ 



h / £ 

TAni\ Vm, -I- / 



Hi[a)^mi + Hi[a) rrii + Hi 



(CIO) 



For fli{a) we have 
dfji{a) 



da 



{f]i{a), K+{a) ■ q+{a)} = -n' 



d \K+{a)\K'(a) 
dki(a) HM{a) 



n+ ■ f]i{a) 



\hi+{a)\ki{a) 
Hi{a)HM{a) 



+ 



+ 



Ef=i Hj{a)n+ ■ ffj{a) r \K+{a)\ki{a) 



Huia) ^Hi{a)HM{a 



+ 
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+ 



HM{a)Hi{a){mi + Hi{a)y HM{a){mi + H,{a)) 



Hi\K+(a)\Ki(a) r 



J{2) 



HM(a) 



+ 



+ 



Ki{a)\K+{a) \ n+ ■ [Si^{a) x Ki{a) 
Hi{a)HM{a) {rm + H,{a))^ 
r(3) .1 1 . 



+ 



+ 



|K+(a;)|n+ x ^^^(a;) 



iJi(a) + ifi(a) rrii + Hi^ HMia){mi + Hi{a)) 
The equations for Pa(a) = VN YliLilaiViice) are [see Eq.(3.21) of Ref. P5 



(Cll) 



da 



da 



N 



i=l 

N 

+ V^^7a 



Hi\hi+(a)\Ki(a] 



///fa) 



i=l 



+ 



HM{a) {mi + Hi{a)Y 
1 1 



+ 



lf\R+{a)\ ^ 

HiHuioi) rrii + Hi{a) rrii + ifj 

^ |K+(a)|n+ X S'jg(a) 



+ 



^ HM{a){mi + Hi{a))' 



(C12) 



By using the results contained in Ref. [^] this equation can be integrated with the final 
result 

N TT TT 



Pa{a) = pa - J2 J2 lajhbi - lbj)-^Jj ' ia)n+ ■ pb + 

i,j=l 6=1 



N 



r{3) 



N 



\HM{rni + Hi) Hj {a 



N 



7a 



^ {nii + Hi{a)){mi + Hi 



H,{a) 



+ 



+ 



l\''\H,-Hi{a)]n+ 



+ [chO{a) — l]n+ ■ Si^Ri x 



— sh 9{a 
Then we get 

Pqa = lirUa^oo Pa{oi) = Pa - 



Hi{a) 

{rrii + Hi) [ch e{a) + 1] - n+ ■ hsh e{a) 



chO{a) + 1 



(C13) 
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N N-1 

lajilU-lhj) 

N 



Hm 

(3) N 



Hj{oo)Vii Vn 



^ \K+\Kj{oo) , 



AT 



^ HMirUi + Hi) ^tl ' Hj{oo)Vll 



[Hi - n+ ■ Kin+) + 



^ lf\H, - /J,(oo)) ^ {Hm - yn)n+ -S^^^ ^ 

H TTT ^ \ ^ l^i X JT-H- 



HAoo) 



(m^ + Hi){HM + \/n) - |/t+|n+ ■ Kj _ g 
In the same way as in the spinless case we obtain 

AT 



pa- 



i=l 



N-1 N 

= ^ Pqa ^ ^''ga + Yj ^gi^' 

a=l 1=1 



(C14) 



(C15) 
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APPENDIX D: EULER ANGLES. 



Let us denote by a, j3, 7 the Euler angles chosen as orientation variables 6'^. 
Let /i = /2 = j, /a = ^ be the unit 3- vectors along the axes of the space frame and 
= X) ^2 = iV X X, 63 = N, the unit 3-vectors along the axes of a body frame. Then we 
have 



Slfr = R'^'{a,Pn)S'Jr 
is = {RTia, P, 7)/. = 7^/(a, P, 7)/. 



(Dl) 



There are two main conventions for the definition of the Euler angles a, (3, 7. 
A) The y-convention (see Refs. |^ (Appendix B) and 

i) perform a first rotation of an angle a around /s [/i h-h> = cos afi + sin af2, /2 ^ 63 
-sm a/i + cos a/2, /s ^ 63 = /g]; 

ii) perform a second rotation of an angle /3 around 63 [^i ^ e'{ = cos (3e^ — sin Pe^, 63 ^ 

cos^e 'i + sin 'J 62, ^ 62 



-2 5 



sin Pe'i + cos Pe^] 



iii) perform a third rotation of an angle 7 around 63 [e[ ^— ci 
—sin^e'i + 005762]. In this way one gets 



( * \ 




Nxx\ = 




\ N J 





7^(a,/3,7) 



h 



n/{a,P,^) = R'^'{a,P,^) = 

I cos^cos Pcosa — sin^sina cos^cos Psina + sin^cos a —cos^sinP 

— {sin^cos Pcos a + cos "ysina —sin^ycos jSsina + cos^cos a sin sin P 

\ sin Pcos a sin jSsin a cos (3 



with 



to a = 

m 

cosp = N^, 

tgi = ^ . (D2) 

Since N and x are functions of pga only, see Eg . (17.161) , it follows {a,P} = {P,^} = 
{7,a} = 0. 

B) The x-convention (see Refs. [Q, [0 (in the text) and |0): the Euler angles 9, 



and are: \) Q = P\ ii) cos^p = —sin a, simp = cos a; iii) cosip = sin^, simp = —cos^. 

We use the y-convention. Following Ref. |Q, let us introduce the canonical momenta 
Pa, Vpi P7 conjugated to a, /?, 7: = {PiVji} = {75^7} = 1 (note that this Darboux 

chart does not exist globally). Then, the results of Ref. imply 
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1 COS a ~ 

S = —sin ap5 H -px^ — cos actg ppa, 

sin (5 



~ stna , _ 

b — cos aps H -pj — sm actg ppa, 

sin (5 

= Pa-i 



9 



x,i . ^ COS 7 ^ ~ 

S = sm —^Pa + cos 'yctg (3p^, 

sm p 



S = cos'jpg + —^Pa - sm'yctgfJp^, 
sm p 

Sq — Pj, 

Pa — = —sin Pcos jS^ + sin [3sin jS^ + cos (33^, 
Pp — —sin aS]^ + cos aSg — sin ^Sg — cos ^S^, 
p^y — Sg — cos asin PS^ + sin asin PS^ + cos (38^. 
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APPENDIX E: THE 3-BODY CASE. 



Let us try to rewrite the 3-body Hamiltonian ( |7.29| ) in a form reminiscent of the non- 
relativistic Eq.(3.31) of Ref. since this is the form used in the static orient at ion- shape 
bundle approach We shall use the notation for the 3 generalized shape variables {pga, 
\N\), and for the conjugate momenta (vf^a, ^). 

In the non-relativistic orientation-shape bundle approach one adopts the condition 
Sg = 00 for the definition of C-horizontal (corresponding to a gauge convention on the 
definition of vibrations); on the other hand, the intrinsic concept of vertical (corresponding 
to pure rotational motion) is defined by the condition of vanishing shape velocities = 0. 
If one would naively follow the non-relativistic formulation, the following decomposition of 
the set (5*^, p^) into a vertical ()„ part and a C-horizontal Och part 

(Sq, p^) = {Sg, p^,\g=o'^= Sg ■ Cf,{Sg,q,mi,'jai))v + 

+ (0, P^^\s,=o =^Pm - ^g ■ C^{Sg, g, m„ 7a»))ch, (El) 

would be expected. This separation would identify the gauge potential C^{Sg,q,mi,'jai), 
which could also be spin-dependent. 

But in the relativistic case, since H(^rei) = J2i=i H(^rei)i with each term being a square root, 
the shape velocities q^, evaluated by means of the first half of Hamilton equations, have to 
be written as the sum of 3 terms , i = 1,2, 3, 

q'' = ———^, 

j=l * * 2H(rel)i dp^ 

3 

i=l 
3 

1=1 

EIA^I.- (E2) 





dH(rel) 


3 

= E 

i=l 


1 






dej 


dp,. 




dp,. 




o 


dH(rel) 


3 

= E 

i=l 


1 






de_f 


Pql = 


dlXgi 






dllgi 




o 

Pq2 = 




3 

= E 

i=l 


1 






de_f 


dng2 






d7tg2 




m- 


dH{rel) 


3 

= E 

i=l 


1 






de_f 













Therefore, the presence of the 3 square roots H(rei)i Q^ith H(j.ei) = J2f=i H(^rei)i allows 
to introduce 3 concepts of i-vertical [gf = 0]. As a consequence, now 3 concepts of Ch — i- 
horizontal (one for each particle) can be introduced, each one defining a decomposition of 
the type: 



^^It corresponds to the choice of a special connection C on the S0(3) principal bundle determined 
by the Euclidean metric in the non-relativistic kinetic energy. 

^^Remnants of the positive energy branch of the mass-shell conditions pf = mf, which are char- 
acteristic of Lorentz signature. 
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def 



+ (0, 



p^,- Sq- Ai^iq)) 



Ch-i 



(E3) 



This implies the presence of 3 different particle gauge potentials Ai^{q) (one for each par- 
ticle) to be contrasted with the global but spin-dependent gauge potential Cfj,{Sg,q,'mi,jai) 
appearing in the vertical component of the momenta still given by the first part of Eq.(|El|). 

Therefore in the dynamical body frame approach p[ we could introduce 3 concepts 
of i-dynamical vibrations: since, as we shall see, even the angular velocity has the form 
uj = uji, we could require to have a;[ = separately. 

On the other hand, since in this approach the angular velocity is a measurable quantity, 
the global dynamical vibrations are defined by the requirement lj^ = 0. 

This suggests to write the Hamiltonian for relative motions in the form 



(rel) 



H[rel)i 

i=l 
3 



5: Jmf + %-'^^{q)SlS^^ + vr{q){p, - Sg ■ A,,{q)) {p, - Sg ■ ^(g)), (E4) 



i=l 



with Eq. (|7.31| ) giving its purely rotational content. 

It is clear that the generalized shape coordinates are not normal coordinates for the 
Hamiltonian. Now there are 3 inverse metrics v^^{q). There is no concept of inertia tensor 
and of reduced masses. Instead, there are 3 mass-independent particle tensors %~^'^'^{q) 
replacing the inverse of the non-relativistic inertia tensor X~^'"'*(g, m) of Eq.(F18) of Ref. [Q. 

Let us see how it is possible to find C{Sg,q,mi,'jai), Ai^{q), 'uf'^(g), 'T^^^'''^{q) starting 
from our choice of variables. 

The 3 equations (|E^) can be inverted to get in terms of g^, g^, S^, rrii, •jai- this is 
as difficult as finding the Lagrangian for the relative motion. Then, by definition we have 
Sg ■ Cf,{Sg, q) = Pf,\g=o, namely 



Sg ■ Cgi{Sg,q,mi,-fai] 
Sq ■ Cg2{Sg,q,mi,'yai] 
Sg ■ C^{Sg, q, rrii, 7^^) = ^|g=o- 



^(?l|<?=0; 



(E5) 



From Eqs. 



we have the following form for the components q 



Pq2i 



1 



2H, 



{rel)i 



2H, 



{rel)i 



2{-iuf^qi + 271^72* (2iV2 - l)vf,2 + |iV|(l 

|iV|(l 



2(72i)'vfg2 + 27i,724(2Ar2 



+ 2V1 



iV2( 



2p' 

(7: 



+ 



ql 



2p2 



q2 





C2 


^1 


Pq2 






S'q + 




Pq2 






Vg2 


+ 



PqV 



+ 



Sg 



(E6) 
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Since = implies 



dH 



{rel)i 



0, we get Sq ■ Ain{q) = Pi_i\qi=Q. Then, from these equations 



we can find Ai^{q). Using the shape variables of our canonical basis we find 



Ail) 



AIM) 



1 /- T?, , 7|, N , (l-iV2)(2jV^-l)7H72i _ 



\N\{l-N^) n2^ ^ (2iV^-l)7 

^Pg2 Pql 



li 



72. (2iV^-l)7H . ,2 



7h[1 - (2iV2 - 1)] 

\N\{l-N^) pu ^ {2N^-l)l2^ ^ ^lu (2iV^-l)7 

pql 



PqlPq2 

)Al{q) 

'2i 



72i[l - (2iV2 - 1)] Pq2 "pql Pq2 

The term in H{rei)i quadratic in the p'^s identifies the v'^^{q) so that 



(E7) 



(2iV2 - 1)71,72, 7|, 

|jV|(l-jV2) 

V 



(2iV2 - 1)71,72. -™;;^7i.72. 

— 71*72* 



The body frame angular velocity results 



(E8) 



(rel) 



N 

E 



N 
i=l 



1 '^H(rel)i dS^ 

— {Q)S'q - Al{q)vr{q) (p. - K ■ XAq))] , 

rel)i 



2 



2 /(7i*)^ 



+ 



(72*)^ 



iV2 ^ 4p2^ ' 4p22 



(71.)^ 



(72*)^ 



|7V|\/l-iV2 4p^l 4p22 



1 



(rel)i 



(71.)^ , (72.)^ , 7H72.(2iV^ - 1) 



+ 



\ll-N^ [2( 



4p^i 4p22 
- (7ii)' (72*)' 



2PglPg2 



91 



4p^2 



e + 27H72.|A^iy^^(^"^)] 



5^=0 



2 



(71*)^ 



1 - iV2 ^ 4p 



(7 



Ij; 



(7 



72*. 



or a)r 



|Af|^1^^4p2i 4p22 
1 



(72*)^ 

4p^2 



7l*72* 
^PqlPq2^ 



2H, , i5^,=o-^i(^)^r(?K- 

^■'■■'■(relji 



(E9) 
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This allows to determine the functions ^^'^{q) once A.i^j,{q) and ff'^(q') are known. From 
the equalities 



-lis 



"13s/ 



we find the following non-zero components 



r-''\q) 



iluf 



+ 



+ 



lul2i 



1 ^{luf (72.)^ 



4p'i 



4p2 



g2 



1 rTf, , 7| , (2iV^ - 1)71.72^ 

2 2 
-Pql Pq2 



\N\{l-N^)^ul2i 



PqlPq2 



PqlPq2 
{pql-MpM) - P^^A 



ip2 



-133 



(7h)' ^ (72.)' 



7ii72i 



1 _ iV2 4pgl 4p^2 2pgiPg2 



(ElO) 



1-A^V7?. 7l 



Pql Pq2 



Finally, let us recall the following results of Appendix C of Ref. 



(Ell) 



9l 



^91 + A .2 



4p^i 



+ 



(5, 



3N2 



Ar2 



Cl c3 



lA^lVl - 



7?g2 



+ ^ ^2 



4P^2 



e{i-N') + {s'qY + ^^{slY + 



l-iV2 

7-2 



cl C3 



+ \N\^l-N^ 
1 



-Pg2 Pql- 



P92 Pql 



+ 



+ 



^ ^^9^ iV2 ^ 1 - A^2 



4PqlPg2 

+ {l-N^){2N^ - l)e' 



+ 



(E12) 



-;2 _ -2 I \_ 

9I ~ ^51 /I ^2 



4p^i 



e^(i-iv^) + (5j)^ + 4^(5,T + 
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'3\2 



+ 



-'2 _ ~2 I 



_ + 2(evi-iv2^'- 



=) 



\N\\/1-N^ 



4p^2 



+ 



(S'qf 



1-m 







+ |Ar|-^l- Ar2 
1 



|iV|Vl- 



Vg2 Pgl^ Vg2 P^l^ 



+ 



+ 



4^PqlPq2 



+ e'(l-A^')(2iV'-l) 



(E13) 
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